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Impulsive Hahn—Sturm —Liouville problems in singular cases are discussed. The existence
of solutions of such equations on the whole axis and in the case of Weyl’s limit-circle has been
investigated. First, we construct the corresponding Green’s function. This boundary-value
problem is thus reduced to a fixed point problem. Later, we demonstrate the existence
and uniqueness of the solutions to this problem by using the traditional Banach fixed
point theorem. Finally, we derive an existence theorem without considering the solution’s
uniqueness. We apply the well-known Schauder fixed point to obtain this result.
Keywords: Hahn difference equations, singular nonlinear problems, boundary-value problems
with impulses.

1. Introduction. The Sturm — Liouville equation is one of the important equations
working in the theory of differential equations. When trying to solve partial differential
equations with the separation method, encountering such equations has increased the
importance of Sturm —Liouville equations. Equations of this kind are studied in a variety
of situations and conditions. One of these conditions is impulsive boundary conditions. In
this case, there are many studies in the literature [1–11].

In 2018, Annaby and colleagues introduced the Hahn — Sturm— Liouville problems
and investigated their basic properties [12]. As it is known, Hahn [13] defined the Hahn
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derivative in 1949. With this definition, it gathered two important operators in the lite-
rature under one roof. These are the q-derivative and the forward difference operators.
Recently in [11], the author obtained a spectral expansion theorem for the impulsive
Hahn— Sturm— Liouville equation.

In this article, the nonlinear Hahn — Sturm— Liouville problem defined on the whole
real axis is discussed under impulsive conditions. The existence of solutions of equations
of this kind in the case of Weyl’s limit-circle is investigated.

2. Preliminaries. To state our conclusions, we need to introduce some notations
[12–15]. Let q ∈ (0, 1) , ω0 := ω/ (1− q) , ω > 0, and let Ψ : J ⊂ R → R is a function such
that ω0 ∈ J .

Definition 1 [13, 15]. The Hahn derivative is defined as

Dω,qΨ(η) =


Ψ(ω+qη)−Ψ(η)

ω+(q−1)η , η ̸= ω0,

Ψ′ (ω0) , η = ω0.

Definition 2 [14]. The Hahn integral is defined as

b∫
a

Ψ(η)Dω,qη :=

b∫
ω0

Ψ(η) dω,qη −
a∫

ω0

Ψ(η) dω,qη,

where a, b, ω0 ∈ J and

η∫
ω0

Ψ(t) dω,qt := ((1− q) η − ω)

∞∑
n=0

qnΨ

(
ω
1− qn

1− q
+ ηqn

)
, η ∈ J,

provided that the series converges at η = a and η = b.
3. Statement of the problem. We shall consider the nonlinear equation:

τy :=

[
−1

q
D−ω

q , 1q
Dω,q + v(η)

]
y(η) = Υ (η, y) , η ∈ J, (1)

here J := J1 ∪ J2; J1 := (−∞, d); J2 := (d,∞); d > 0; y = y (η) is a sought solution.
Our work is done in the Hilbert space H = L2

q(J1)
·
+ L2

q(J2), which consists of real-
valued functions and has the inner product

⟨Υ,Σ⟩ :=
d∫

−∞

Υ(1)Σ(1)dω,qη + Λ

∞∫
d

Υ(2)Σ(2)dω,qη

and norm

∥Υ∥ :=

√√√√√ d∫
−∞

(Υ(1)(η))2dω,qη + Λ

∞∫
d

(Υ(2)(η))2dω,qη,

where

Υ(η) =

 Υ(1)(η), η ∈ J1,

Υ(2)(η), η ∈ J2,
Σ(η) =

 Σ(1)(η), η ∈ J1,

Σ(2)(η), η ∈ J2.
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Set

Dmax =


y ∈ H : y and D−ω

q , 1q
y are continuous at ω0,

y (d±) and D−ω
q , 1q

y (d±) exist and finite,

Y (d+) = ΠY (d−) and τy ∈ H

 ,

where Y (η) :=

(
y (η)

D−ω
q , 1q

y (η)

)
; Π is the 2× 2 real matrices with detΠ = 1/Λ > 0.

The maximal operator Lmax on Dmax gives Lmaxy = τy. The ω, q-Green formula is
defined as

∞∫
−∞

[(τy)(η)z(η)− y(η)(τz)(η)] dω,qη =

= [y, z] (∞)− [y, z] (d+) + [y, z] (d−)− [y, z] (−∞) . (2)

In (2) y, z ∈ Dmax, [y, z] := y(D−ω
q , 1q

z) − (D−ω
q , 1q

y)z, and the limits [y, z] (±∞) =

limη→±∞[y, z] (η) exist and are finite.
The following presumptions will be applied:
(H1) let q ∈ (0, 1) , ω0 := ω/ (1− q) , ω > 0;
(H2) v is a real-valued function that is continuous on (−∞, d)∪ (d,∞), and has finite

limits v(d±). The point d is regular;
(H3) Weyl’s limit-circle case holds for τ ;
(H4) Υ : J × R → R is a continuous function, and

|Υ(η, y)| ⩽ Σ(η) + κ |ζ| (3)

for all (η, ζ) in J × R, here Σ(η) ⩾ 0, Σ ∈ L2 (J) , and κ is a positive constant.

Denote by

ρ (η) =

{
ρ(1) (η) , η ∈ J1,

ρ(2) (η) , η ∈ J2,
σ (η) =

{
σ(1) (η) , η ∈ J1,

σ(2) (η) , η ∈ J2,

the solutions of equation (1) satisfying

ρ(1) (ω0) = 0, D−ω
q , 1q

ρ(1) (ω0) = 1,

σ(1) (ω0) = −1, D−ω
q , 1q

σ(1) (ω0) = 0 (4)

and impulsive conditions
U (d+) = ΠU (d−) ,

V (d+) = ΠV (d−) ,
(5)

where

U(η) :=

(
ρ (η)

D−ω
q , 1q

ρ (η)

)
, V (η) :=

(
σ (η)

D−ω
q , 1q

σ (η)

)
.
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Let
W (i) := Wη

(
ρ(i), σ(i)

)
(η ∈ Ji, i = 1, 2) ,

here
Wη

(
ρ(i), σ(i)

)
:= (ρ(i)Dω,qσ

(i) − σ(i)Dω,qρ
(i)) (η) .

An explicit calculation shows that W (1) = ΛW (2). For convenience, we denote W :=
W (1) = ΛW (2). From presumption (H3), we conclude that ρ, σ ∈ H and ρ, σ ∈ Dmax.
Thus, for every y ∈ Dmax, [y, ρ]±∞ and [y, σ]±∞ exist and are finite.

Then combining (4), (5), we have formulas

[y, ρ]−∞ = y (ω0)−
ω0∫

−∞

ρ (η) (τy) (η) dω,qη,

[y, σ]−∞ = D−ω
q , 1q

y (ω0)−
ω0∫

−∞

σ (η) (τy) (η) dω,qη,

[y, ρ]∞ = y (ω0) +

∞∫
ω0

ρ (η) (τy) (η) dω,qη,

[y, σ]∞ = D−ω
q , 1q

y (ω0) +

∞∫
ω0

σ (η) (τy) (η) dω,qη.

Consider now the following boundary-value problem (BVP):

τy = Υ(η, y) , η ∈ J,

[y, ρ]−∞ cosα+ [y, σ]−∞ sinα = ς1,

(6)
[y, ρ]∞ cosβ + [y, σ]∞ sinβ = ς2,

Y (d+) = ΠY (d−) , (7)

where ς1, ς2, α, β ∈ R,

Y =

(
y

D−ω
q , 1q

y

)
,

detΠ = 1/Λ > 0, and

(H5) ∆ := cosα sinβ − cosβ sinα ̸= 0.

Similar problems were studied in [16–18] without impulsive boundary conditions.
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4. Green’s function corresponds to the problem. Consider the problem[
−1

q
D−ω

q , 1q
Dω,q + v(η)

]
y(η) = Ω (η), Ω ∈ H, (8)


[y, ρ]−∞ cosα+ [y, σ]−∞ sinα = 0,

Y (d+) = ΠY (d−) ,

[y, ρ]∞ cosβ + [y, σ]∞ sinβ = 0,

(9)

here α, β ∈ R and η ∈ J.
Let

Θ(η) = cosαρ (η) + sinασ (η), Ξ (η) = cos βρ (η) + sin βσ (η). (10)

In (10) Wη (Θ,Ξ) = ∆. We see that Θ and Ξ are solutions of τy = 0 and Θ, Ξ ∈ H.
Furthermore, we have

[Θ, ρ]η = Θ(ω0) = − sinα, [Θ, σ]η = D−ω
q , 1q

Θ(ω0) = cosα, η ∈ J1, (11)

[Ξ, ρ]η = Ξ (ω0) = − sinβ, [Ξ, σ]η = D−ω
q , 1q

Ξ (ω0) = cos β, η ∈ J1,

[Θ, ρ]−∞ = − sinα, [Θ, σ]−∞ = cosα,

[Ξ, ρ]∞ = −(1/Λ) sin β, [Ξ, σ]∞ = (1/Λ) cos β,

Φ(d+) = ΠΦ (d−) ,Φ(η) :=

(
Θ(η)

D−ω
q , 1q

Θ(η)

)
, (12)

Ψ(d+) = ΠΨ(d−) ,Ψ(η) :=

(
Ξ (η)

D−ω
q , 1q

Ξ (η)

)
. (13)

Then Green’s function of (8), (9) is given by

G (η, ξ) =
1

∆

{
Θ(η) Ξ (ξ) , if −∞ < η ⩽ ξ < ∞, η ̸= d, ξ ̸= d,

Θ(ξ) Ξ (η) , if −∞ < ξ ⩽ η < ∞, η ̸= d, ξ ̸= d.

It is then a simple matter to check that G (η, ξ) is a Hilbert— Schmidt kernel, i. e.,

∞∫
−∞

∞∫
−∞

|G (η, ξ)|2 dω,qηdω,qξ < ∞, (14)

since Θ, Ξ ∈ H.

Theorem 1. The function

y (η) = ⟨G (η, .) ,Ω(.)⟩, η ∈ J,

is the unique solution of (8), (9).
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P r o o f. By applying the variation of constants approach, we arrive at

y (η) =



k1Θ
(1) (η) + k2Ξ

(1) (η)+

+ q
∆ Ξ(1) (η)

η∫
−∞

Θ(1) (h (ξ))Ω (h (ξ)) dω,qξ +

+ q
∆ Θ(1) (η)

d∫
η

Ξ(1) (h (ξ))Ω (h (ξ)) dω,qξ, η ∈ J1,

k3Θ
(2) (η) + k4Ξ

(2) (η)+

+ qΛ
∆ Ξ(2) (η)

η∫
d

Θ(2) (h (ξ))Ω (h (ξ)) dω,qξ +

+ qΛ
∆ Θ(2) (η)

∞∫
η

Ξ(2) (h (ξ))Ω (h (ξ)) dω,qξ, η ∈ J2,

(15)

where h (ξ) = qξ + ω and ki (i = 1, 2, 3, 4) is arbitrary.
P r o o f. It follows from (15) that

D−ω
q , 1q

y (η) =



k1D−ω
q , 1q

Θ(1) (η) + k2D−ω
q , 1q

Ξ(1) (η)+

+ q
∆D−ω

q , 1q
Ξ(1) (η)

η∫
−∞

Θ(1) (h (ξ))Ω (h (ξ)) dω,qξ +

+ q
∆D−ω

q , 1q
Θ(1) (η)

d∫
η

Ξ(1) (h (ξ))Ω (h (ξ)) dω,qξ, η ∈ J1,

k3D−ω
q , 1q

Θ(2) (η) + k4D−ω
q , 1q

Ξ(2) (η)+

+ qΛ
∆ D−ω

q , 1q
Ξ(2) (η)

η∫
d

Θ(2) (h (ξ))Ω (h (ξ)) dω,qξ +

+ qΛ
∆ D−ω

q , 1q
Θ(2) (η)

∞∫
η

Ξ(2) (h (ξ))Ω (h (ξ)) dω,qξ, η ∈ J2,

and hence
[y, σ]η = y(η)D−ω

q , 1q
σ(η)−D−ω

q , 1q
y(η)σ(η) =
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=



k1[Θ
(1), ρ]η + k2

[
Ξ(1) (η) , ρ

]
η
+

+ q
∆

[
Ξ(1) (η) , ρ

]
η

η∫
−∞

Θ(1) (h (ξ))Ω (h (ξ)) dω,qξ +

+ q
∆

[
Θ(1) (η) , ρ

]
η

d∫
η

Ξ(1) (h (ξ))Ω (h (ξ)) dω,qξ, η ∈ J1,

k3[Θ
(2), ρ]η + k4[Ξ

(2), ρ]η +

+ qΛ
∆ [Ξ(2), ρ]η

η∫
d

Θ(2) (h (ξ))Ω (h (ξ)) dω,qξ +

+ qΛ
∆ [Θ(2), ρ]η

∞∫
η

Ξ(2) (h (ξ))Ω (h (ξ)) dω,qξ, η ∈ J2,

and
[y, σ]η = y(η)D−ω

q , 1q
σ(η)−D−ω

q , 1q
y(η)σ(η) =

=



k1[Θ
(1), σ]η + k2

[
Ξ(1) (η) , σ

]
η
+

+ q
∆

[
Ξ(1) (η) , σ

]
η

η∫
−∞

Θ(1) (h (ξ))Ω (h (ξ)) dω,qξ +

+ q
∆

[
Θ(1) (η) , σ

]
η

d∫
η

Ξ(1) (h (ξ))Ω (h (ξ)) dω,qξ, η ∈ J1,

k3[Θ
(2), σ]η + k4[Ξ

(2), σ]η +

+ qΛ
∆ [Ξ(2), σ]η

η∫
d

Θ(2) (h (ξ))Ω (h (ξ)) dω,qξ +

+ qΛ
∆ [Θ(2), σ]η

∞∫
η

Ξ(2) (h (ξ))Ω (h (ξ)) dω,qξ, η ∈ J2.

Thus, we find [
y, ρ]−∞ = k1[Θ

(1), ρ
]
−∞ + k2

[
Ξ(1) (η) , ρ

]
−∞+
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+
q

∆

[
Θ(1), ρ

]
−∞

d∫
−∞

Ξ(1) (h (ξ))Ω (h (ξ)) dω,qξ =

= −k1 sinα− k2 sinβ − q

∆
sinα

d∫
−∞

Ξ(1) (h (ξ))Ω (h (ξ)) dω,qξ, (16)

[y, σ]−∞ = k1
[
Θ(1), σ

]
−∞ + k2

[
Ξ(1) (η) , σ

]
−∞+

+
q

∆

[
Θ(1) (η) , σ

]
−∞

d∫
−∞

Ξ(1) (h (ξ))Ω (h (ξ)) dω,qξ =

= k1 cosα+ k2 cosβ +
q

∆
cosα

d∫
−∞

Ξ(1) (h (ξ))Ω (h (ξ)) dω,qξ. (17)

Then combining (16), (17) and (9), we see that k2 = 0.
Likewise, we get

[y, ρ]∞ = k3[Θ
(2), ρ]∞ + k4[Ξ

(2), ρ]∞ +

+
qΛ

∆
[Ξ(2), ρ]∞

∞∫
d

Θ(2) (h (ξ))Ω (h (ξ)) dω,qξ =

= −k3(1/Λ) sinα− k4(1/Λ) sin β +

+
Λ

∆
(1/Λ) sin β

d∫
−∞

Ξ(1) (ξ)Ω (ξ) dω,qξ

and
[y, σ]∞ = k3[Θ

(2), σ]∞ + k4[Ξ
(2), σ]∞ +

+
qΛ

∆
[Ξ(2), σ]∞

∞∫
d

Θ(2) (h (ξ))Ω (h (ξ)) dω,qξ =

= k3(1/Λ) cosα+ k2(1/Λ) cos β +

+
qΛ

∆
(1/Λ) cos β

d∫
−∞

Ξ(1) (h (ξ))Ω (h (ξ)) dω,qξ.

By (9), we see that k3 = 0.
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Similarly, we deduce that

Y (d+) =

(
y (d+)

D−ω
q , 1q

y (d+)

)
=

(
k4Ξ

(2) (d+)
k4D−ω

q , 1q
Ξ(2) (d+)

)
+

+


qΛ
∆ Θ(2) (d+)

∞∫
d

Ξ(2) (h (ξ))Ω (h (ξ)) dω,qξ

qΛ
∆ D−ω

q , 1q
Θ(2) (d+)

∞∫
d

Ξ(2) (h (ξ))Ω (h (ξ)) dω,qξ

 =

= k4

(
Ξ(2) (d+)

D−ω
q , 1q

Ξ(2) (d+)

)
+

+
qΛ

∆

∞∫
d

Ξ(2) (h (ξ))Ω (h (ξ)) dω,qξ

(
Θ(2) (d+)

D−ω
q , 1q

Θ(2) (d+)

)
=

= k4Ψ(d+) +

qΛ

∆

∞∫
d

Ξ(2) (h (ξ))Ω (h (ξ)) dω,qξ

Φ(d+)

and

Y (d−) =

(
y (d−)

D−ω
q , 1q

y (d−)

)
=

(
k1Θ

(1) (d−)
k1D−ω

q , 1q
Θ(1) (d−)

)
+

+


q
∆Ξ(1) (d−)

d∫
−∞

Θ(1) (h (ξ))Ω (h (ξ)) dω,qξ

q
∆D−ω

q , 1q
Ξ(1) (d−)

d∫
−∞

Θ(1) (h (ξ))Ω (h (ξ)) dω,qξ

 =

= k1

(
Θ(1) (d−)

D−ω
q , 1q

Θ(1) (d−)

)
+

+
q

∆

d∫
−∞

Θ(1) (h (ξ))Ω (h (ξ)) dω,qξ

(
Ξ(1) (d−)

D−ω
q , 1q

Ξ(1) (d−)

)
=

= k1Φ(d−) +

 q

∆

d∫
−∞

Θ(1) (h (ξ))Ω (h (ξ)) dω,qξ

Ψ(d−) .

By (9), we find

k4Ψ(d+) +

qΛ

∆

∞∫
d

Ξ(2) (h (ξ))Ω (h (ξ)) dω,qξ

Φ(d+) =
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= Π

k1Φ(d−) +

 q

∆

d∫
−∞

Θ(1) (h (ξ))Ω (h (ξ)) dω,qξ

Ψ(d−)

 .

By using (12) and (13), we obtain

Φ(d−)

qΛ

∆

∞∫
d

Ξ(2) (h (ξ))Ω (h (ξ)) dω,qξ − k1

 =

= Ψ(d−)

 q

∆

d∫
−∞

Θ(1) (h (ξ))Ω (h (ξ)) dω,qξ − k4

 ,

(
Θ(1) (d−)

D−ω
q , 1q

Θ(1) (d−)

)qΛ

∆

∞∫
d

Ξ(2) (h (ξ))Ω (h (ξ)) dω,qξ − k1

 =

=

(
Ξ(1) (d−)

D−ω
q , 1q

Ξ(1) (d−)

) q

∆

d∫
−∞

Θ(1) (h (ξ))Ω (h (ξ)) dω,qξ − k4

 .

Hence
k4Ξ

(1) (d−)− k1Θ
(1) (d−) =

=

 q

∆

d∫
−∞

Θ(1) (h (ξ))Ω (h (ξ)) dω,qξ

Ξ(1) (d−) −

−

qΛ

∆

∞∫
d

Ξ(2) (h (ξ))Ω (h (ξ)) dω,qξ

Θ(1) (d−)

and
k4D−ω

q , 1q
Ξ(1) (d−)− k1D−ω

q , 1q
Θ(1) (d−) =

=

 q

∆

d∫
−∞

Θ(1) (h (ξ))Ω (h (ξ)) dω,qξ

D−ω
q , 1q

Ξ(1) (d−) −

−

qΛ

∆

∞∫
d

Ξ(2) (h (ξ))Ω (h (ξ)) dω,qξ

D−ω
q , 1q

Θ(1) (d−) ,

i.e., (
Ξ(1) (d−) Θ(1) (d−)

D−ω
q , 1q

Ξ(1) (d−) D−ω
q , 1q

Θ(1) (d−)

)(
k4
−k1

)
=

=

(
Ξ(1) (d−) Θ(1) (d−)

D−ω
q , 1q

Ξ(1) (d−) D−ω
q , 1q

Θ(1) (d−)

)
×
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×


q
∆

d∫
−∞

Θ(1) (h (ξ))Ω (h (ξ)) dω,qξ

− qΛ
∆

∞∫
d

Ξ(2) (h (ξ))Ω (h (ξ)) dω,qξ

 .

Since ∣∣∣∣∣ Ξ(1) (d−) Θ(1) (d−)
D−ω

q , 1q
Ξ(1) (d−) D−ω

q , 1q
Θ(1) (d−)

∣∣∣∣∣ = −∆ ̸= 0,

it follows that

k1 =
qΛ

∆

∞∫
d

Ξ(2) (h (ξ))Ω (h (ξ)) dω,qξ

and

k4 =
q

∆

d∫
−∞

Θ(1) (h (ξ))Ω (h (ξ)) dω,qξ.

Thus, we get

y (η) =



Θ(1) (η) qΛ
∆

∞∫
d

Ξ(2) (h (ξ))Ω (h (ξ)) dω,qξ +

+ q
∆Ξ(1) (η)

η∫
−∞

Θ(1) (h (ξ))Ω (h (ξ)) dω,qξ +

+ q
∆ Θ(1) (η)

d∫
η

Ξ(1) (h (ξ))Ω (h (ξ)) dω,qξ, η ∈ J1,

q
∆Ξ(2) (η)

d∫
−∞

Θ(1) (h (ξ))Ω (h (ξ)) dω,qξ +

+ qΛ
∆ Ξ(2) (η)

η∫
d

Θ(2) (h (ξ))Ω (h (ξ)) dω,qξ +

+ qΛ
∆ Θ(2) (η)

∞∫
η

Ξ(2) (h (ξ))Ω (h (ξ)) dω,qξ, η ∈ J2.

Theorem 2. The unique solution of the BVP (8), (7) is given by

y (η) = w (η) + ⟨G (η, .) ,Ω(.)⟩,
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where
w (η) =

ς1
∆
Θ(η)− ς2

∆
Ξ(η) .

P r o o f. It follows from (11)–(13) that w (η) is a unique solution of τy = 0 satisfying
(6), (7). By Theorem 2, we conclude that ⟨G (η, .) ,Ω(.)⟩ is a unique solution of equation
(8) satisfying (9).

By Theorem 2, the BVP (1), (6), (7) in H is equivalent to the following equation:

y (η) = w (η) + ⟨G (η, .) ,Υ(., y (.))⟩, (18)

here η ∈ J .
Theorem 3. Assume that presumptions (H1)–(H5) are valid. Furthermore, suppose

there is a number K > 0 such that

d∫
−∞

∣∣∣Υ(1)
(
η, y(1) (η)

)
−Υ(1)

(
η, z(1) (η)

)∣∣∣2 dω,qη +

+ Λ

∞∫
d

∣∣∣Υ(2)
(
η, y(2) (η)

)
−Υ(2)

(
η, z(2) (η)

)∣∣∣2 dω,qη ⩽

⩽ K2



d∫
−∞

∣∣y(1) (η)− z(1) (η)
∣∣2 dω,qη +

+ Λ

∞∫
d

∣∣y(2) (η)− z(2) (η)
∣∣2 dω,qη


=

= K2 ∥y − z∥2

for every y, z ∈ H. If

K



d∫
−∞

d∫
−∞

|G (η, ξ)|2 dω,qηdω,qξ +

+ Λ

∞∫
d

∞∫
d

|G (η, ξ)|2 dω,qηdω,qξ



1/2

< 1,

then the BVP (1), (6), (7) has a unique solution in H.
P r o o f. Let S : H → H be an operator defined as

(Sy) (η) = w (η) + ⟨G (η, .) ,Υ(., y (.))⟩,

here η ∈ J, and y, w ∈ H. It follows from (18) that y = Sy. For y, z ∈ H, we see that

|(Sy) (η)− (Sz) (η)|2 = |⟨G (η, .) , [Υ (., y (.))−Υ(., z (.))]⟩|2 ⩽

⩽ ∥G (η, .)∥2 ∥Υ(., y (.))−Υ(., z (.))∥2 ⩽
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⩽ K2 ∥G (η, .)∥2 ∥y − z∥2 , η ∈ J.

Hence
∥Sy − Sz∥ ⩽ α ∥y − z∥ ,

where

α = K



d∫
−∞

d∫
−∞

|G (η, ξ)|2 dω,qηdω,qξ +

+ Λ

∞∫
d

∞∫
d

|G (η, ξ)|2 dω,qηdω,qξ



1/2

.

Since α < 1, we conclude that S is a contraction operator.
Theorem 4. Assume that presumptions (H1)–(H5) are valid. Furthermore, suppose

there exist numbers M, K > 0 such that

d∫
−∞

∣∣∣Υ(1)
(
η, y(1) (η)

)
−Υ(1)

(
η, z(1) (η)

)∣∣∣2 dω,qη +

+ Λ

∞∫
d

∣∣∣Υ(2)
(
η, y(2) (η)

)
−Υ(2)

(
η, z(2) (η)

)∣∣∣2 dω,qη ⩽

⩽ K2



d∫
−∞

∣∣y(1) (η)− z(1) (η)
∣∣2 dω,qη +

+ Λ

∞∫
d

∣∣y(2) (η)− z(2) (η)
∣∣2 dω,qη


= K2 ∥y − z∥2 ,

here y, z ∈ LM = {y ∈ H : ∥y∥ ⩽ M} and K may depend on M. If
d∫

−∞

∣∣∣w(1) (η)
∣∣∣2 dω,qη + Λ

∞∫
d

∣∣∣w(2) (η)
∣∣∣2 dω,qη


1/2

+

+

 ∞∫
−∞

∞∫
−∞

|G (η, ξ)|2 dω,qηdω,qξ

1/2

×

× sup
y∈LM



d∫
−∞

∣∣Υ(1)
(
ξ, y(1) (ξ)

)
−Υ(1)

(
ξ, z(1) (ξ)

)∣∣2 dω,qξ +

+ Λ

∞∫
d

∣∣Υ(2)
(
ξ, y(2) (ξ)

)
−Υ(2)

(
ξ, z(2) (ξ)

)∣∣2 dω,qξ



1/2

⩽ M (19)
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and

K



d∫
−∞

d∫
−∞

|G (η, ξ)|2 dω,qηdω,qξ +

+ Λ

∞∫
d

∞∫
d

|G (η, ξ)|2 dω,qηdω,qξ



1/2

< 1,

then the BVP (1), (6), (7) has a unique solution with

d∫
−∞

∣∣∣y(1) (η)∣∣∣2 dω,qη + Λ

∞∫
d

∣∣∣y(2) (η)∣∣∣2 dω,qη ⩽ M2.

P r o o f. Let y ∈ LM . Then we find

∥Sy∥ = ∥w + ⟨G (η, .) ,Υ(., y (.))⟩∥ ⩽

⩽ ∥w∥+ ∥⟨G (η, .) ,Υ(., y (.))⟩∥ ⩽

⩽ ∥w∥+



d∫
−∞

d∫
−∞

|G (η, ξ)|2 dω,qηdω,qξ +

+ Λ

∞∫
d

∞∫
d

|G (η, ξ)|2 dω,qηdω,qξ



1/2

×

× sup
y∈LM



d∫
−∞

∣∣Υ(1)
(
ξ, y(1) (ξ)

)
−Υ(1)

(
ξ, z(1) (ξ)

)∣∣2 dω,qξ +

+ Λ

∞∫
d

∣∣Υ(2)
(
ξ, y(2) (ξ)

)
−Υ(2)

(
ξ, z(2) (ξ)

)∣∣2 dω,qξ



1/2

⩽ M.

Consequently, we see that S : LM → LM .
P r o o f. As in the proof of Theorem 3, we deduce that

∥Sy − Sz∥ ⩽ α ∥y − z∥ , y, z ∈ LM .

The desired conclusion can be easily obtained from the Banach fixed point theorem.
5. Existence theorem without the uniqueness condition.
Theorem 5. S is a completely continuous operator under conditions (H1)–(H5).
P r o o f. Let y0 ∈ H. Then, we find

|(Sy) (η)− (Sy0) (η)|2 =

= |⟨G (η, .) , [Υ (., y (.))−Υ(., y0 (.))]⟩|2 ⩽ ∥G (η, .)∥2 ×
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×



d∫
−∞

∣∣∣Υ(1)
(
ξ, y(1) (ξ)

)
−Υ(1)

(
ξ, y

(1)
0 (ξ)

)∣∣∣2 dω,qξ +

+ Λ

∞∫
d

∣∣∣Υ(2)
(
ξ, y(2) (ξ)

)
−Υ(2)

(
ξ, y

(2)
0 (ξ)

)∣∣∣2 dω,qξ


and hence

∥Sy − Sy0∥2 ⩽

⩽ K



d∫
−∞

∣∣∣Υ(1)
(
ξ, y(1) (ξ)

)
−Υ(1)

(
ξ, y

(1)
0 (ξ)

)∣∣∣2 dω,qξ +

+ Λ

∞∫
d

∣∣∣Υ(2)
(
ξ, y(2) (ξ)

)
−Υ(2)

(
ξ, y

(2)
0 (ξ)

)∣∣∣2 dω,qξ


, (20)

where

K =

d∫
−∞

d∫
−∞

|G (η, ξ)|2 dω,qηdω,qξ +

+ Λ

∞∫
d

∞∫
d

|G (η, ξ)|2 dω,qηdω,qξ.

P r o o f. Let F be an operator defined as Fy (η) = Υ (η, y (η)). By (H4), F is conti-
nuous in H [19]. Then, for any ϵ > 0, we can find a δ > 0 such that

d∫
−∞

∣∣∣Υ(1)
(
ξ, y(1) (ξ)

)
−Υ(1)

(
ξ, y

(1)
0 (ξ)

)∣∣∣2 dω,qξ +

+ Λ

∞∫
d

∣∣∣Υ(2)
(
ξ, y(2) (ξ)

)
−Υ(2)

(
ξ, y

(2)
0 (ξ)

)∣∣∣2 dω,qξ <
ϵ2

K2
,

when ∥y − y0∥ < δ. It follows from (20) that ∥Sy − Sy0∥ < ϵ, which implies that S is
continuous.

Let Y = {y ∈ H : ∥y∥ ⩽ κ} . By (19), for all y ∈ Y, we conclude that

∥Sy∥ ⩽ ∥w∥+



K

d∫
−∞

∣∣Υ(1)
(
ξ, y(1) (ξ)

)∣∣2 dω,qξ +

+ αK

∞∫
d

∣∣Υ(2)
(
ξ, y(2) (ξ)

)∣∣2 dω,qξ



1/2

.
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From (3), we find

d∫
−∞

∣∣∣Υ(1)
(
ξ, y(1) (ξ)

)∣∣∣2 dω,qξ + Λ

∞∫
d

∣∣∣Υ(2)
(
ξ, y(2) (ξ)

)∣∣∣2 dω,qξ ⩽

⩽
d∫

−∞

[
Σ(1) (ξ) + κ

∣∣∣y(1) (ξ)∣∣∣]2 dω,qξ +

+ Λ

∞∫
d

[
Σ(2) (ξ) + κ

∣∣∣y(2) (ξ)∣∣∣]2 dω,qξ ⩽

⩽ 2

d∫
−∞

[(
Σ(1)

)2
(ξ) + κ2

∣∣∣y(1) (ξ)∣∣∣2] dω,qξ +

+ 2α

∞∫
d

[(
Σ(2)

)2
(ξ) + κ2

∣∣∣y(2) (ξ)∣∣∣2] dω,qξ =

= 2
(
∥Σ∥2 + κ2 ∥y∥2

)
⩽ 2

(
∥Σ∥2 + κ2κ2

)
.

Hence, for every y ∈ Y, we get

∥Sy∥ ⩽ ∥w∥+
[
2K

(
∥Σ∥2 + κ2κ2

)]1/2
.

For all y ∈ Y, we see that

d∫
−∞

∣∣∣(Sy(1)) (η + γ)− (Sy(1)) (η)
∣∣∣2 dω,qη +

+ Λ

∞∫
d

∣∣∣(Sy(2)) (η + γ)− (Sy(2)) (η)
∣∣∣2 dω,qη =

= ∥⟨[G (η + γ, .)−G (η, .)] ,Υ(., y (.))⟩∥2 ⩽

⩽



d∫
−∞

d∫
−∞

|G (η + γ, ξ)−G (η, ξ)|2 dω,qηdω,qξ +

+ Λ

∞∫
d

∞∫
d

|G (η + γ, ξ)−G (η, ξ)|2 dω,qηdω,qξ


×
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×



d∫
−∞

∣∣Υ(1)
(
ξ, y(1) (ξ)

)∣∣2 dω,qξ +

+ Λ

∞∫
d

∣∣Υ(2)
(
ξ, y(2) (ξ)

)∣∣2 dω,qξ


⩽

⩽ 2
(
∥g∥2 + κ2κ2

)


d∫
−∞

d∫
−∞

|G (η + γ, ξ)−G (η, ξ)|2 dω,qηdω,qξ +

+ Λ

∞∫
d

∞∫
d

|G (η + γ, ξ)−G (η, ξ)|2 dω,qηdω,qξ


.

By (14), for any ϵ > 0 and every y ∈ Y, we can find a δ > 0 such that

d∫
−∞

∣∣∣Sy(1) (η + γ)− Sy(1) (η)
∣∣∣2 dω,qη +

+ Λ

∞∫
d

∣∣∣Sy(2) (η + γ)− Sy(2) (η)
∣∣∣2 dω,qη < ϵ2,

where γ < δ.
Furthermore, for every y ∈ Y, we have

−N∫
−∞

∣∣∣Sy(1) (η)∣∣∣2 dω,qη + Λ

∞∫
N

∣∣∣Sy(2) (η)∣∣∣2 dω,qη ⩽

⩽
−N∫

−∞

∣∣∣w(1) (η)
∣∣∣2 dω,qη + Λ

∞∫
N

∣∣∣w(2) (η)
∣∣∣2 dω,qη +

+ 2(∥Σ∥2 + κ2κ2)

 −N∫
−∞

∥G (η, .)∥2 dω,qη + Λ

∞∫
N

∥G (η, .)∥2 dω,qη

 .

From (14), we conclude that for given ϵ > 0 there exists a N > 0, depending only on ϵ
such that

−N∫
−∞

∣∣∣Sy(2) (η)∣∣∣2 dω,qη + Λ

∞∫
N

∣∣∣Sy(2) (η)∣∣∣2 dω,qη < ϵ2,

for all y ∈ Y , i.e., S is a completely continuous operator.
Theorem 6. Assume that conditions (H1)–(H5) are correct. Additionally, suppose

that there is an integer M > 0 such that
d∫

−∞

∣∣∣w(1) (η)
∣∣∣2 dω,qη + Λ

∞∫
d

∣∣∣w(2) (η)
∣∣∣2 dω,qη


1/2

+
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+

 d∫
−∞

d∫
−∞

|G (η, ξ)|2 dω,qηdω,qξ + Λ

∞∫
d

∞∫
d

|G (η, ξ)|2 dω,qηdω,qξ

1/2

×

× sup
y∈LM



d∫
−∞

∣∣Υ(1)
(
ξ, y(1) (ξ)

)
−Υ(1)

(
ξ, z(1) (ξ)

)∣∣2 dω,qξ +

+ Λ

∞∫
d

∣∣Υ(2)
(
ξ, y(2) (ξ)

)
−Υ(2)

(
ξ, z(2) (ξ)

)∣∣2 dω,qξ



1/2

⩽ M,

where LM = {y ∈ H : ∥y∥ ⩽ M} . Then the BVP (1), (6), (7) has a unique solution with

d∫
−∞

∣∣∣y(1) (η)∣∣∣2 dω,qη + Λ

∞∫
d

∣∣∣y(2) (η)∣∣∣2 dω,qη ⩽ M2.

P r o o f. Let us examine the operator S as previously defined. By Theorems 4 and
5, we conclude that S : LM → LM . The result arises from Schauder’s fixed point theorem
since LM is closed, convex, and bounded.

6. Conclusion. In this paper, in singular cases, impulsive Hahn —Sturm — Liouville
problems are considered. Such equations have been studied for the existence of solutions on
the entire axis and in the case of Weyl’s limit-circle. The corresponding Green’s function
is first constructed. This reduces the boundary-value problem to a fixed point problem.
A standard Banach fixed point theorem is then used to show that the solutions to the
problem exist and are unique. Finally, without taking into account the uniqueness of the
solution, we construct an existence theorem. This result is obtained by using the well-
known Schauder fixed point.

Statements and declarations. This work does not have any conflict of interest.
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13. Hahn W. Beitraäge zür Theorie der Heineschen Reihen. Mathematische Nachrichten, 1949, vol. 2,
pp. 340–379.

14. Annaby M. H., Hamza A. E., Aldwoah K. A. Hahn difference operator and associated Jackson—
Nörlund integrals. Journal of Optimization Theory and Applications, 2012, vol. 154, pp. 133–153.
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Рассматриваются импульсные задачи Хана—Штурма —Лиувилля в сингулярном слу-
чае. Исследуется существование решений таких задач на всей оси и в случае пре-
дельных циклов Вейля. Сначала строится соответствующая функция Грина. Тем са-
мым граничная задача сводится к поиску неподвижной точки. Затем с использованием
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теоремы Банаха о неподвижной точке показывается существование и единственность
решения. В итоге формулируется теорема о существовании решения без требования
его единственности. Для получения этого результата применяется теорема Шаудера—
Тихонова.
Ключевые слова: разностные уравнения Хана, сингулярные нелинейные задачи, гра-
ничные задачи с импульсными источниками.
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