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A satellite moving on a circular equatorial orbit is considered. The satellite is equipped with
a controlled magnetic moment and a controlled electrostatic charge. The problem of triaxial
stabilization in the orbital frame is studied. The electrodynamic control system is proposed.
In addition, to improve characteristics of transient processes, PID controller of a special form
is used. With the aid of the Lyapunov direct method, asymptotic stability conditions of the
program mode are obtained. The results of computer simulation are provided demonstrating
the efficiency of the developed approach.

Keywords: satellite, electrodynamic control, triaxial stabilization, Lyapunov — Krasovskii
functional, PID controller.

1. Introduction. The development of control systems for the attitude stabilization
of satellites with respect to their centers of masses is one of the most actual and chal-
lenging problems of space dynamics [1-3]. There are various approaches to solving this
problem, e.g., application of flywheels, power gyroscopes, reactive control systems, solar
radiation pressure, etc. In last decades, magnetic control systems based on the interac-
tion of their executive devices with the Earth magnetic field are widely used [4-9]. Such
systems are especially effective for small satellites. Existing magnetic attitude control sys-
tems, their specific features, advantages and disadvantages are described, for instance, in
[5, 10]. Moreover, it is worth noting that, to increase the efficiency of this approach, in [11],
the electrodynamic method for the stabilization of satellites was proposed. This method is
based on the simultaneous using the magnetic moment and the moment of Lorentz forces.
In [12], the electrodynamic method was applied for the triaxial stabilization in the orbital
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frame for a satellite moving on a circular equatorial orbit. The problem of the satellite
stabilization in the direct equilibrium position was solved.

However, it should be mentioned that, in many problems of satellite attitude con-
trol, it is necessary to ensure not only stabilization of program modes, but also sufficient
smoothness of transient processes [13, 14]. An effective tool for damping undesirable oscil-
lations of mechanical systems is the use of PID controllers and their modifications [15-19].
This method is widely applied in space dynamics (see, e.g., [20-22] and the bibliography
cited therein). At the same time, in [17], it was noted that a general satisfactory theory
and a general approach that can provide explicit design formulae for the PID parameters
are still lacking.

The results of [12] were further extended in [23]. Firstly, instead of the direct equilib-
rium position, an arbitrary equilibrium position in the orbital frame was stabilized. Sec-
ondly, a development of the concept of the electrodynamic control was proposed providing
compensation of disturbing torques. Thirdly, to improve the characteristics of transient
processes, a modified PID controller was designed. The previously constructed control
torque was supplemented by a term with distributed delay. Applying the Lyapunov direct
method, conditions for the asymptotic stability of the program mode were derived. The
effectiveness of the proposed control was confirmed by numerical modeling. It was shown
that such an approach permits us not only to significantly smooth out transient processes,
but also to increase the convergence rate to the program mode.

In the present contribution, we will propose another construction of a PID controller.
It is worth mentioning that the controller designed in [23] is a special case of the new
one. Conditions on the control parameters will be found under which the stabilization
can be guaranteed. With the aid of numerical simulations, we will demonstrate that, via
appropriate choice of these parameters, it is possible to improve the characteristics of
transient processes compared with those obtained using the controller from [23].

2. Problem formulation. Consider a satellite equipped with a controlled magnetic
moment [ and a controlled electrostatic charge distributed over certain volume. Assume
that its center of mass C' moves on a circular equatorial low-Earth orbit. We will study the
rotational motion of the satellite with respect to its center of mass in the orbital frame.
Let the axis C¢ of this frame be directed tangent to the orbit in the direction of motion,
the axis Cn be directed normal to the orbital plane, and the axis C'( be directed along the
radius vector of the satellite’s center of mass relative to the center of the Earth. Denote
by &0, 10, (o the unite vectors of this frame. The orbital coordinate system rotates with
respect to the inertial one with an angular velocity wg.

The system Czyz of principal central axes of inertia is rigidly connected with the
satellite. In this system, the vectors &gy, 19, (o are denoted by s1, 2, s3. Assume that a right
triple of mutually orthogonal unite vectors r1,ry,r3 is given in the system Czyz. These
vectors define the program orientation of the satellite.

Let the perturbed gravitational torque Mg act on the satellite. As the satellite moves
relative to the geomagnetic field with magnetic induction B, the Lorentz moment M, and
magnetic moment M, are excited, where My = P x T, My, =1 x B, P = ppQ, Q is the
total charge, pg is the radius vector of the satellite’s charge center with respect to its center
of mass, T' = Vo x B, V¢ is the speed of the point C relative to the geomagnetic field.
Assume that the vector B coincides with its value at the center of mass. In this paper,
as well as in [12, 23], we will use “direct magnetic dipole” as a model of the geomagnetic
field. In this case, the vector B is constant in all points of the equatorial orbit.
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The rotation motion of the satellite is modeled by the Euler dynamic equations

d
Jd_(: —wod (w X 82) + (w + wos2) X (J(w +wos2)) = Ma + My + Mc (1)

and the Poisson kinematic equations

ds;

7 =—-wxs;, j=123, (2)

where w is the angular velocity of the satellite with respect to the orbital frame; J =
diag{ A1, As, A3} is the inertia tensor in the coordinate system Cxyz; Mg = 3w3sz x (Js3).

Our objective is to design an electrodynamic control providing triaxial stabilization
of the prescribed program orientation of the satellite. This means that we should choose
laws of variation of vectors I and P under which the system (1), (2) admits asymptotically
stable equilibrium position

w=0, sj=r;, j=123. (3)

3. Design of control torques. In [12], a special approach to solving the problem of a
satellite triaxial stabilization in the direct equilibrium position was developed. Each of the
vectors I and P was chosen as a sum of restoring and damping components. In [23], this
approach was extended to the case of arbitrary equilibrium position in the orbital frame.
Vectors I and P were supplemented by compensating components. The need for these
additional terms is due to the fact that, under the action of disturbing forces, the considered
system may not have the required program mode. As a result, the Euler equations were
represented as follows:

d
Jd—(: —woJ (W X 82) + (w + wos2) X (Jw) + wow x (Js2) =
= kars X 53+ kapra X s2 — ha(w — (WTSS)SS) —hy(w— (WT52)32)a (4)

here ka, kar, ha, hps are constant positive coefficients.
Furthermore, to improve the characteristics of transient processes (in particular,
damping undesirable satellite oscillations), a term with distributed delay of the form

t
Maist = akp / r3 X sg(u)du + akps / ro X So(u)du (5)
t

t—7 —T

was added to the right-hand side of (4). Here a and 7 are constants with 7 > 0. Thus, a
modified PID controller (see [16]) was constructed.
With the aid of the Lyapunov direct method, it was proven that if

Tla| <1, (6)

then there exist values of parameters ka, knr, ha, har under which the proposed controller
ensures the asymptotic stability of the program mode (3). Moreover, the results of nu-
merical simulations demonstrated that its use not only significantly smooth out transient
processes, but also increases the convergence rate of perturbed motions to the equilibrium
position.
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In this paper, another type of PID controller will be applied. Instead of the integral
term (5), we will add to the right-hand side of (4) the torque

t t
M= bkA/f(t —u)rz x ss(u)du + bkM/f(t —u)rg X sa(u)du, (7)
0 0
where b is a constant coefﬁcient f(t) is a nonnegative and piecewise continuous for ¢ > 0
function such that fo u)du < oo. Then the equations (4) take the form
dw
JE —woJ(w X 82) + (W + wps2) X (Jw) + wow X (Js2) = kars X s3 +

t
—i—kMTQXSQ—i—bkA/f t—u)rs X s3(u du—l—bkM/ft—u ro X so(u)du —
0

— ha(w — (W' s3)83) — har(w — (w' 52)s2). (8)
Remark 1. The torque (5) can be obtained as a special case of (7) if f(t) = a/b for
€ [0,7] and f(t) =0 for t > 7.
We will look for conditions under which new controller ensures the triaxial stabiliza-
tion of the satellite.
4. Stability analysis. Let the following additional constraints be imposed on the
function f(t).
Assumption 1. There exists a number A > 0 such that [~ f(u)du < Af(t) for
€ [0, 00).
Assumption 2. The inequality

bl [ fdu <1 ©)
0

holds.

Remark 2. The condition (9) is a counterpart of (6).

Remark 3. For instance, Assumption 1 is satisfied for the function f(t) = exp(—dt),
where § > 0. It is worth noticing that PID controllers with exponential kernels are widely
used in the contemporary control theory [24].

Denoting hy = hiLA, hy = hiLM, where ﬁA, iLM are fixed positive constants and h is
a positive parameter, we obtain

ha(w = (ws3)s3) + har(w — (W' s2)s2) = hEw + hq(w, 52, 53),

here ) R
ha+hy 0 0
E=R 0 ha 0 | RT,
0 0 hy
the columns of the matrix R are vectors 71, 72,73, the function ¢(w, s2,s3) satisfies the

estimate ||q(w, s2, 53)|| < Blw||(|[s2 — 2|l + |53 — 73]|), B = const > 0, || - || is the Euclidean
norm of a vector. Thus, the matrix Z is positive definite.

Bectuuk CII6I'Y. Ilpuknagnas maremaruka. Vudopmarnka... 2024. T. 20. B, 2 247



Theorem. Let Assumptions 1 and 2 be fulfilled. Then there exists a number h>0
such that the equilibrium position (3) of the system (2), (8) is asymptotically stable for all
h > h.

P r o o f. Our analysis is based on the Lyapunov direct method and approaches to
constructing Lyapunov functions and Lyapunov — Krasovskii functionals for mechanical
systems developed in [25-28]. First, choose a Lyapunov function candidate as follows:

1 1 1 +__
V(w, s2,83) = 3 (kallrs = s3|® + ka2 — s2|?) + §uwTJw - E<I>T: L.

Here ® = kprs X s3 + kara X s9 and p is a positive parameter to be selected later. Then

1
(kallrs = ssl|* + karllr2 — s211%) + pBlwl® = 5-Ballwl[ (75 — s3]l + lIra = s2]l) <

N =

< V(w, s2,83) < = (kallrs — ss||® + karllre — s2/?) +

l\DI»—A

+ pBs|lw])” + Eﬁ2||WH(IIT3 — s3] + [lr2 = s2f),

where (1, 82, B3 are positive coefficients.
Differentiating the function V(w, s, s3) with respect to the system (2), (8), we obtain

v _ o (t) +b/f (t —u)®(u)du — hEw(t) — hq(w(t), s2(t), s3(t)) | +

- %@TEfl (woJ (w(t) x s2(t)) — (w(t) + wosa(t)) x (Jw(t)) — wow(t) x (Jsa2(t)) +

S pallw@[(lirs — ss(@)l + llr2 — s2()]]) + ulbIIIW(t)II/f(t — w)|[®(w)]|du —

0

1
E(IFE*1 er/ftfu u)du | +

— s oot
+ bl (@) Irs = sa(®)]| + lIrz = s2(0)]) +
+ 2 Belw I + 3 85 (@) + [wOI?) (rs = sl + lra = s20)]) +

+ Bollw @)l ([lrs — s3] + llr2 — s2()[)?,
here B; > 0,1 =4,...,9.
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Next, construct a Lyapunov — Krasovskii functional candidate in the form

W (t, w(t), sat, s3¢) = V(w(t), s2(t //f Ydo® T (u)T® (u)du,

0 t—u

where I is a constant positive definite matrix, so¢, s3; denote the restrictions of the corre-
sponding components of a solution, i.e., s;; : u > s;(u) for u € [0,¢], { = 2,3. Then

(kallrs = s3I + karllr = s2(8)II7) — %ﬂzllw(t)ll(llfs = s3(O)[l + [lr2 — s2(D)) +

N =

t oo
b (Ol + 300 [ [ 0ol du < Wt wl), 521500 <
0 t—u
1 1
< 5 (allrs = s + Farllra = 52(01) + 2 Ballw®l (s — 5@l + vz — s2(2)]) +

t oo
sl + 3 [ [ 1)o@

0 t—u

aw

— S Ballw@ll(llrs = s3]l + llr2 = s2(O]]) + wlblllw(®)] /f(t — u)|[®(u)|du —
0

= huBs|lw(t)]* + %ﬂs (lw@Il + lw®) (lrs — ss (@] + [lr2 — s2(6)]]) +
+ hBellw(®)*(llrs — s3] + [lr2 — s2(0)]]) + %&IIM(UHQ +

+ Bollw(®)l(Irs — s3()]| + llr2 — s2(B)[1)* — %Q(t)a

where (19, 811 are positive constants and

Qt)y=eT="1 +b/f (t — u)®(u)du /f Ydu® " () D D(t) +

+ /f(tfu)QT(u)FQ(u)du.

Let Z(t) = 27120(t), v = [;° f(u)du. Then

t
Q) = 127 + 627 (¢ /f (t — W) Z(w)du — 2T (1)ZV2TE2Z (1) +
0

t
+ / f(t—u)Z T (w)EV2TEY2 Z (u)du.
0
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-1

Choosing the matrix I' in the form I' = eE7", ¢ = const > 0, we obtain

t t
Q) =1 —eN|Z®)|*>+bZ7 (2) /f (t—u)Z du—i—s/f t—u)||Z(w)|*du =
0 0

> (1-ev =it ) hzP + (- ""“)/f )12 (w)|Pdu,

where v is an arbitrary positive number.

bet o o
v

— <1 —_ 10

eyt <L e> (10)

For the existence of v > 0 for which the inequalities (10) hold, it is necessary and sufficient
the fulfilment of the condition
b? < 4de(1 — 7e). (11)

It is worth noticing that (11) imposes least conservative constraint on the parameter b in
the case, where € = 1/(2). As a result, we arrive at the inequality (9).

For such a choice of parameters, the estimate of the derivative of W (¢, w(t), sat, S3t)
takes the form

o < BBl ®rs = ss(6)] + llrz = 5201 + bl /f t = )| B du -

— b () + 3 Bl I + 1 s (IOl + @) (Irs = ss(O) +lir2 = s2(2)1) +
+ s @) (7 = sa(®) + Ir2 = sa(@)]) + Ballo(®) (Irs = s5(2)]| + Iz = s2()])* -
~ 0B - 26 [ £t w]eq)Pdu,

0

where 815 > 0, 813 > 0.
In [29], it was proven the existence of a number A > 0 such that

1
1@ > 5 (Kislira = s2(OI* + kX llrs — s5(2)]

%) (12)

for ||rs — s3(t)|| + [|r2 — s2(t)]] < A. With the aid of the estimate (12) and the standard
technique based on the application of Young’s and Holder’s inequalities (see [26, 27]), it is

easy to verify that if values of ; and A are sufficiently small, then one can choose h > 0
such that

(kallrs = ss(D1 + karllrz — s2(£)]7) + %Mﬂl”w(t)HQ +

“
| —

b3 [ [ F@a(lra = salw)]? + Ir2 — sa(w)Phdu < Wt (0,521 500) <

0 t—u
< kallrs = ss(@)I” + karllrz — s2 (01 + 2pBs|w(t)]* +
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t 3 [ [ £l = sa(@? + rz = sa(w)]P )
0 t—u
aw

1 1
— < —ghbsllw @) = 716 (lirs = sa (I + [Ir2 — s2(B)1I) —

= 30 [ £ =0l = sa(@I + 72  sa(w)| P
0

for b > h, ||y = s3 ()] + |72 = s2 ()| < A, [lw(®)]] < A. Here Bua, Bis, fis, fir are positive
constants. Hence, the differential inequality

aw = =

o < —BW (t,w(t), sat, S3t), B = const > 0,
holds for ||rs—s3(t) ||+ |lre —s2(t)|| < A, [|w(t)|] < A. This implies the asymptotic stability
of the equilibrium position (3). The proof is completed. O

5. Results of the computer modeling. For simulation, we assume that wy = 0.001,
kn = ky = 1, ha = hy = 1, J = diag{1000, 1300, 1700} (all dimensional parame-
ters are given in International System of Units). Consider stabilization of a satellite
in the direct equilibrium position, i.e., 71 = (1,0,0)T, ro = (0,1,0)T, r3 = (0,0,1)T.
In Figures 1 and 2 the dependence of the value 9 = |r3 — s3|| + [|r2 — s2|| on time
is presented. The following initial conditions for solutions were chosen: w(0) = 0,

¥(t) 45
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0.5

0'00 1000 2000 3000 4000

Figure 1. Stabilization process under control with distributed delay
s1(u) = (cosg,—cosfsinp,sinfsinp)’, so(u) = (sing,cosfcosy,—sinfcosp)’,
s3(u) = (0,sin 6, cosf) T for u < 0, where ¢ = 0.3, # = —2. Figure 1 corresponds to the
application of the control with distributed delay. The term of the form (5) was used with
the following values of parameters: a = 1, 7 = 0.75. In Figure 2, the result of application
of PID controller is demonstrated. The integral term was defined by the formula (7) with
b =3, f(t) = exp(—4t). It is worth noticing that in this case ar = b [, f(u)du = 0.75.
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Figure 2. Stabilization process under PID controller

From the comparison of Figsures 1 and 2 it follows that, under the using new con-
troller, transient processes become smoother and their time is significantly reduced.

6. Conclusion. In the present contribution, an electrodynamic control system en-
suring triaxial stabilization of a satellite in the orbital frame is designed. The proposed
controller includes an integral component that permits us to improve characteristics of
transient processes. Using an original construction of Lyapunov — Krasovskii functional,
conditions on control parameters are derived guaranteeing the asymptotic stability of the
prescribed equilibrium position. It is worth noticing that these conditions contain some
constraints on the differential and integral components of the controller, but do not im-
pose any constraints on the proportional component. The effectiveness of the proposed
approach is confirmed by numerical simulation. It is shown that, in comparison with the
previously constructed control, the new one permits us not only to significantly smooth
out transient processes, but also to increase the convergence rate to the program mode.
An important direction for further research is an extension of the obtained results to the
case of more complex model of the magnetic field.
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TpexocHast 3JIEKTPOAUHAMUYECKAS CTAOUIM3aInsl CIIy THUKA
c uctnosb3oBanuem 1IN /I-peryasitopa*

A. FO. Aaexcandpos, C. B. Pysun

Cankr-IleTepOyprekuil rocy/1apcTBEHHbBINA YHIUBEPCUTET,
Poccuiickas @eneparust, 199034, Cankr-IlerepOypr, Yausepcurerckas Hab., 7—9

Hasa murupoBauus: Aleksandrov A. Yu., Ruzin S. B. Triaxial electrodynamic stabilization of
a satellite via PID controller // Becrauk Cankt-IlerepGyprckoro yamsepcurera. Ilpukiaanas
maremaruka. Uuadopmaruka. [Iporeccer ynpasienns. 2024. T. 20. Bem. 2. C. 244-254.
https://doi.org/10.21638 /spbul0.2024.209

PaccmarpuBaercst criyTHUK, JBMKYIIUMICS 110 KPYTOBOi 3KBaTOpHUabHON opbure. CriyTHUK
OCHAIIEH yIIPABJISIEMBIM MAIHUTHBIM MOMEHTOM M YIIPABJISIEMBIM 3JIEKTPOCTATHIECKUM 3aPsi-
nom. UccnenoBana 3a/1a4a TpEXOCHOM CTAOMIM3AINY CITy THUKA B OPOUTATIBHON CHCTEME KOOP-
guHaT. [Ipeyorkena 3/1eKTpoiHAMIYECKasl CUCTeMa, yIipaBjieHus. Kpome Toro, Jist yiryd-
IIIEHUsT XapaKTEPUCTUK IEPEXOIHBIX MPOoIEeccoB ucnoib3yercss I I-perynsitop crenuaib-
HO#t popmbl. C OMOIIBIO TPAMOT0 MeToAa JIsmyHOBA Oy YeHbI YCTOBUST ACUMIITOTHIECKON
YCTONYMBOCTH TIPOrPAMMHOIO pexkuMa. IIpuBeieHsbl pe3yibTaTbl KOMIBIOTEPHOIO MOJIEIUPO-
BaHUsA, JTEMOHCTPUPYIOIIHE 3PDEKTUBHOCTD Pa3pabOTAHHOTO TTOIXO/IA.

Karouesvie caosa: CIyTHUK, 3JI€KTPOJUHAMHUYECKOE yIIPaBJIEHNE, TPEXOCHA CTaOMIM3aINsI,
dyukimonas JIanynosa — Kpacosckoro, IIVJI-perynsarTop.
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