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This paper presents a new procedure for designing rectangular columns subjected to
combined biaxial bending and axial load. The new procedure is realized within a new
comprehensive structural analysis software for building analysis and design. Compared to
existing engineering packages, the new program does not require pre-setting the distribution
of bars before designing and gives more detailed results: not only the required reinforcement
amount, but also a distribution of bars of a certain diameter along the sides of the column
section. The program starts by inserting four reinforcement bars into the corners of the
column, and checks if this reinforcement bars provide required resistance to the applied
loads. If the reinforced concrete column fails to withstand the applied loads, then the program
increases the reinforcement by adding new bars and checks required resistance again. This
process continues until the reinforced concrete column is able to withstand the applied loads.
The proposed procedure is realized within following methods: (I) calculation of the so-called
column capacity interaction volume using a large number of interaction curves (usually
24 curves); (II) the elliptical approximation of the column capacity interaction volume (the
load contour equation). Within the second method, the program calculates two interaction
curves only: the first curve is for an eccentric case in X direction and the second curve is
for an eccentric case in Y direction. In both methods, the interaction curves are calculated
according to American concrete institute standards. The use of the new procedure within the
second method gives results very close to the first method (the most accurate), but it requires
much less time for calculation. This is very important when designing large structures with
multiple columns.
Keywords: reinforced concrete column, biaxial bending, axial load, capacity interaction
volume, section designer.
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1. Introduction. Currently, the analysis and design of structures is carried out using
commercial finite elements software packages (Computers and structures Inc. (CSI) pro-
grams [1], Autodesk programs [2], Bentley systems programs [3]). In the design phase,
these programs calculate the reinforcement amount in structural elements required to re-
sist the applied loads, and the results are different, depending on the code and the methods
used in the calculation.

The design of a column using CSI programs requires pre-setting the dimensions of the
concrete section, the concrete properties, the reinforcement bars diameter, and the rein-
forcement bars material properties. Also, before the designing process, the user must define
the distribution of the reinforcement bars along the both principal axes of the section, and
the result of design is given in the form of reinforcement amount (the reinforcement area
(mm2) required in the concrete section) corresponding to the distribution of bars chosen.
The choice of the distribution of bars in the section before design greatly affects the de-
sign results, and the distribution chosen may not be the best distribution of bars (which
achieves the required resistance with the least amount of reinforcement required) within
the concrete section.

In this work a new procedure is presented, which is realized within a new program for
designing rectangular columns subjected to combined biaxial bending moments and axial
load. Using this new program, the user does not need to choose the distribution of bars
before designing, the new procedure calculates the required reinforcement amount and the
appropriate distribution of the reinforcement bars within the column section.

This program has been implemented as a section designer and subprogram within
a comprehensive structural analysis software for building analysis and design [4, 5].

2. Numerical procedures. First, recall that column bending is uniaxial when the
axial force acts at an eccentricity along one of the principal axes (in a plane of section
symmetry), and column bending is biaxial when the force is applied at an eccentricity
that is not along a principal axis. A uniaxial interaction curve defines the force-moment
strength along a single plane of a section subjected to an axial force P and a uniaxial
bending moment M. In other words, an interaction curve displays the combinations of
the maximum allowable bending moment and axial capacities of the column. The biaxial
bending resistance of an axially loaded column can be represented schematically as a failure
surface formed by a series of uniaxial interaction curves drawn radially around the P axis.

In this section, the algorithm of calculation of the required reinforcement amount to
resist the applied loads using the new procedure is described. The proposed procedure is
realized within the two following methods.

(I). Calculation of the column capacity interaction volume using a large number of
interaction curves (usually 24 curves). The column capacity interaction volume is a volume
contained within the three-dimensional interaction failure surface. This surface is repre-
sented numerically as a series of discrete points [6]. The coordinates of these points are
determined by rotating the linear strain diagram in three dimensions over the section.
The linear strain diagram limits the maximum concrete strain εu at the extremity of the
section to 0.003, ACI [6]. The formulation is based consistently on the general principles of
ultimate strength design ACI [7]. The default number of the calculated curves is 24 (from
0 degree increasing by 15 to 345 degrees). The program stores this volume as 24 curves,
and each curve is a group of 3D points (the axial force (Pn), the moment about local
axis-X (Mnx), and the moment about local axis-Y (Mny)).

(II). The elliptical approximation of the column capacity interaction volume (the load
contour equation). Within this method, the program calculates two interaction curves only,
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the first curve is for an eccentric case in X direction and the second curve is for an eccentric
case in Y direction.

In both methods the interaction curves are calculated according to ACI standards.
2.1. Calculation of the interaction curves. In this section, an application of ACI

standards to the calculation of the column interaction curves is presented.

Fig. 1. Stress and strain distribution in a column section rotated by an angle α

Let α denote the rotation angle of the linear strain diagram over the section (Fig. 1).
The sequence of calculations of the interaction curve is presented as follows:
• calculation of the corners coordinates of the section with respect to the center of

the section:

x′i = xi cos(α) + yi sin(α), y′i = −xi sin(α) + yi cos(α),

where x′i, y′i are the corners points coordinate in the global system; xi, yi are the corners
points coordinate in the local system with the axes directed along the principal axes of
the cross section of the column. Both coordinate systems have an origin at the center of
the cross section (Fig. 1);
• calculation of the height of the strain diagram (h′), which is the distance between

the extreme concrete fiber in tension and the extreme concrete fiber in compression in
accordance with Fig. 1;
• calculation of the steel bars coordinates with respect to the center of the section:

x′si = xsi cos(α) + ysi sin(α), y′si = −xsi sin(α) + ysi cos(α),

where x′si, y′si are the steel bars coordinate in the global system; xsi, ysi are the steel bars
coordinate in the local system;
• calculation of the distance (dsi) between the center of each steel bar and the extreme

concrete fiber in compression: dsi = h′/2− y′si;
• calculation of the interaction curve points for each α (as described below).
The point components over each curve are the axial force (Pn), the moment about

local axis-X (Mnx), and the moment about local axis-Y (Mny). The default number of the
points is 10.

The coordinates of the first point of the interaction curve points are calculated corre-
sponding to the condition when the column is exposed to an axial compressive force only
(pure compression). In this case the point components are [6]

Mnx = 0, Mny = 0, Pn = 0.85Ωf ′c(Ag −As) +Asfy,
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where Ω = 0.8 is the coefficient of resistance reduction; Ag is the area of the section; As is
the area of the entire reinforcement in the section; f ′c is the concrete compressive strength;
fy is the rebar yield stress.

The coordinates of the last point of the interaction curve points are calculated corre-
sponding to the condition when the column is exposed to an axial tension force only (pure
tension). In this case the point components are

Mnx = 0, Mny = 0, Pn = −Asfy.

The rest of the interaction curve points are calculated as follows.
1. Calculation of the distance c between the neutral axis of the section and the extreme

concrete fiber in compression: c = h′ − (n − 1)∆c, where n is the order of this point;
∆c = h′/N − 2, and N = 10 is the total number of the interaction curve points.

2. Calculation of the compressive force in concrete (Cc): Cc = 0.85f ′cAc [6], where
Ac is the compressive concrete area (the hashed polygon in Fig. 1). The depth of the
equivalent rectangular block a is calculated as a = β1c, here c is the depth of the stress
block in compression strain; β1 = 0.85− 0.05 ((f ′c − 4000) /1000), 0.65 ⩽ β1 ⩽ 0.85 [6].

3. Calculation of the force in each reinforcement bar (Fsi). The strain in each bar (εsi)
can be calculated from the strain diagram as εsi = ((c− dsi)/c) εu, where (εu = 0.003) is
the ultimate strain at the extreme concrete fiber in compression.

The stress in each reinforcement bar (fsi) is calculated as [6]

fsi = Eεsi....ifεsi ⩽ εy, fsi = fy....ifεsi > εy,

here E is the modulus of elasticity of reinforcement; εy = 0.002 is the strain at fy. The
stress sign is considered positive when the bar is compressed and negative when the bar
is tensioned.

The force in each reinforcement bar (Fsi) is calculated as Fsi = fsiAsi, where Asi is
the area of the reinforcement bar section.

4. Calculation of the total axial force in the section (Pn) corresponding to the point n:

Pn = Cc +

Ns∑
i=1

Fsi,

here Ns is the total number of the reinforcement bars in the section.
5. Calculation of the bending moments (Mnx,Mny) about the center of the section

corresponding to the point n:

M3 =Mnx = Ccyc +

Ns∑
i=1

Fsiysi, M2 =Mny = Ccxc +

Ns∑
i=1

Fsixsi,

where xc, yc are the coordinates of the center of the compressive concrete area (the hashed
polygon in Fig. 1).

2.2. Calculation of the required amount of reinforcement using the column
capacity interaction volume. The interaction volume determined in accordance with
the method described in previous section is used to calculate the amount of reinforcement
required in the column to withstand the applied loads.

The applied loads are represented as 3D point within the coordinate system shown in
Fig. 2. The point components are the applied axial force (p), the applied bending moment
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about the local axis-2 parallel to Y (m2 = mny), and the applied bending moment about
the local axis-3 parallel to X (m3 = mnx). The reinforced concrete column is considered
capable of resisting the applied loads if the point (p,m2,m3) lies within the capacity
interaction volume.

Fig. 2. Typical 3D interaction curves for ultimate strength of column cross section

The new procedure for calculating the required amount of reinforcement is as follows.
The program starts by inserting four reinforcement bars in the corners of the column,

calculates the interaction volume, and checks if the point (p,m2,m3) lies inside the volume.
If the point is outside the volume, then the program increases the reinforcement by adding
new bars and recalculates the interaction volume and checks again. This process continues
until the point lies inside the interaction volume. The methodology used to design the
column section illustrated on Fig. 3.

The program cuts the interaction volume by a horizontal plan at the P coordinate
equal to the applied axial force (p), and it gets a plan cross section with 2D coordinates
as shown in Fig. 4. The interaction volume formed by 24 interaction curves drawn radially
around the P axis. Each curve intersects with the plan cross section at a 2D point with two
moment components (the moment about local axis-2 (M2 =MY ), the moment about local
axis-3 (M3 =MX)). These points perform a plane polygon (the hashed polygon in Fig. 4).
Thus, the program considers that the 3D point (p,m2,m3) lies inside the interaction
volume if it founds that the 2D point (m2,m3) is inside the plane polygon calculated. The
accuracy of the calculation increases with the increase of the number of the curves, but
that requires an additional computational effort.

2.3. Calculation of the required amount of reinforcement using elliptical
approximation of the column capacity interaction volume. Instead of calculating
24 interaction curves to form the column interaction volume, an approximate method can
be used to form an approximate interaction volume and to calculate the required amount of
reinforcement. This method can be applied for concrete rectangular cross section reinforced
by regular reinforcement only, and it requires much less time for calculation, which is very
important when designing large structures with a large number of columns.
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Fig. 3. The methodological scheme for column section design

Fig. 4. A plan cross section in the interaction volume at P = p

Moment contours represent planes of constant axial force (see Fig. 2). These contours
are similar to a series of ellipses which may be described by the following relationship (the
load contour equation) [8, 9]: (

Mnx

Mx0

)θ
+

(
Mny

My0

)θ
= 1,

where Mnx,Mny are the applied bending moments about X and Y sectional axes respec-
tively (Mnx = m3 and Mny = m2); Mx0 is the nominal bending moment strength if axial
load were eccentric only about the X axis; My0 is the nominal bending moment strength
if axial load were eccentric only about the Y axis; θ is the axial load contour exponent.
The program calculates θ [10]:

θ = 1.15

(
b

h

)−0.01

µ−0.03
sx µ−0.03

sy n−0.07
sd ,
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here b is the column cross section width; h is the column cross section height; µsx, µsy
are the mechanical ratio of steel reinforcement laid parallel to X and Y sectional axes
respectively; nsd is the normalized acting axial load [10]:

µsx =
Asxfyd

0.85fcdbh
, µsy =

Asyfyd
0.85fcdbh

, nsd =
Nsd

0.85fcdbh
,

where Asx, Asy are the area of reinforcement laid parallel to X, and Y axis respectively;
fcd is the design compressive strength of concrete; fyd is the design yield strength of steel;
Nsd is the applied axial load (p).

The new procedure for calculating the required amount of reinforcement is as follows.
In order to calculate MX0, the program calculates the interaction curve corresponding

to the angle α = 0, because this curve represents the case in which the load is eccentric only
about the X axis. From the calculated curve we can get MX0 which is the moment value
corresponding to Nsd = p. And similarly, in order to find MY 0, the program calculates
the interaction curve corresponding to the angle α = 90, because this curve represents the
case in which the load is eccentric only about the Y axis. And from the calculated curve
we can get MY 0 which is the moment value corresponding to (Nsd = p).

The program calculates the required reinforcement amount assuming that this amount
is distributed regularly along the sides of the column section. Note that deviation from
a regular configuration of any discontinuities may lead to a decrease in the strength of
a structural element [11]. However, the mutual arrangement of periodic inhomogeneities
can also have a noticeable effect on the mechanical properties [12].

The program starts by inserting four reinforcement bars in the corners of the column,
and calculates θ,Mx0 and My0. The verification of the section strength subjected to com-
bined biaxial bending moments (m2,m3) and axial load (p) can be performed by checking
the following inequality: (

m3

Mx0

)θ
+

(
m2

My0

)θ
⩽ 1,

and if the inequality is not achieved then the program increases the reinforcement amount
by adding new reinforcement bars and checks again. This process continues until the
inequality is achieved.

3. Computation example. Herein, we compare the results obtained by the use of
the new program developed in this work, and the results produced by ETABS (commercial
finite elements software from CSI [1]) in designing reinforced concrete columns subjected
to combined biaxial bending and axial load.

3.1. Comparison in calculating the column interaction curves. The column
section to be designed is shown in Fig. 5. Its width is 350 mm, its height is 600 mm,
the column is reinforced by 12 bar with diameter equal 25 mm, the cover thickness is
30 mm, the concrete compressive strength (f ′c) is 27.58 MPa, and the rebar yield stress
(fy) is 413.69 MPa.

The interaction volume can be plotted in tables and diagrams, as shown in Fig. 6.
Table 1 and Fig. 7 presents a comparison between ETABS and the new program in

calculating the interaction curve for α = 30 degree (the rotation angle of the linear strain
diagram over the column section).

The diagrams plotted in Fig. 7, a, b show a match in the column interaction curves
computed by both programs.

3.2. Comparison in calculating the required reinforcement amount for the
column. The column section to be designed is with properties: the width is 500 mm, the
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Fig. 5. The shape of the rectangular reinforced column section used in the example

Тable 1. The interaction curve points coordinates (for α = 30 ◦),
calculated by ETABS and the new program

The new program ETABS
Point P, M2, M3, P , M2, M3,

kN kN-m kN-m kN kN-m kN-m
1 3755.32 0.00 0.00 3755.29 0.00 0.00
2 3755.32 32.07 127.13 3755.29 25.00 101.19
3 3560.71 45.21 210.07 3685.45 44.14 188.76
4 2997.82 48.92 292.60 3028.30 49.03 288.80
5 2376.37 53.13 351.88 2279.45 54.11 356.97
6 1408.44 61.55 395.91 1357.28 61.79 393.89
7 833.09 69.61 441.12 696.96 71.92 441.07
8 6.87 81.41 438.76 −204.74 82.20 408.15
9 −1058.80 70.30 258.15 −1194.26 66.08 230.21
10 −1943.07 29.81 63.01 −1980.00 25.72 53.94
11 −2193.15 0.00 0.00 −2193.24 0.00 0.00

height is 300 mm, the cover thickness is 25 mm, the tie bar size is 10 mm, the concrete
compressive strength (f ′c) is 27.58 MPa, the rebar yield stress fy is 413.69 MPa, the applied
axial force (p) is 1500 kN, the applied moments (m2,m3) are 150 kN-m, the interaction
curves number is 48, and the interaction points for each curve is 11 points.

Table 2 presents the reinforcement amount calculated by the new program using
the two methods described above (method I of the accurate calculation of the column
interaction volume, method II of the elliptical approximation of the column interaction
volume) for different diameters of the reinforcement bars.

Table 2 shows that both methods used in the new program provide the same rein-
forcement amount.

The distribution of reinforcing bars in the columns of residential buildings is performed
regularly on the perimeter of the external reinforcement stirrup confinement the concrete
section shown in Fig. 5. Suppose dmax, dmin are the allowable maximum and minimum
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Fig. 6. Interaction volume calculated using the new program

Fig. 7. P–M2 (a) and P–M3 (b) diagrams for the interaction curve for α = 30 ◦

spacing of the reinforcing bars respectively (these values are from the design code); d is the
spacing between bars; W is the width of the reinforcement stirrup; H is the height of the
reinforcement stirrup; D is the diameter of the reinforcement stirrup. Thus, the program
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Тable 2. The reinforcement amount (mm2)

Bar size, mm Method I Method II
12 7012 7012
14 7081 7081
16 7238 7238
18 7125 7125
20 7540 7540
25 7854 7854

forms an iterative loop with value d starting from dmax to dmin in a decrement of 1 cm,
and at each value of the variable d, the program calculates the number of bars distributed
over the width and height of the reinforcement stirrup as

NH = ((H −D)/d)− 1, NW = ((W −D)/d)− 1,

where NH is the number of bars distributed over the height of the reinforcement stirrup
(along the principal axis-2 of the column section); NW is the number of bars distributed
over the width of the reinforcement stirrup (along the principal axis-3 of the column
section).

At each looping step, the program checks if the amount of reinforcement achieves
the required resistance. If the amount of reinforcement is sufficient, then the program
terminates the iterative loop, otherwise it continues the looping.

Table 3 presents the bars number along the principal axes of the column section
calculated by the new program, for different diameters of the reinforcement bars.

Тable 3. The distribution of bars in the column section

Bar size, Reinforcement Bars number Bars number
mm amount, mm2 along axis-2 along axis-3
12 7012 21 12
14 7081 17 9
16 7238 16 7
18 7125 13 6
20 7540 10 5
25 7854 6 4

The design of the column using CSI programs requires pre-setting the dimensions of
the concrete section, the concrete properties, the reinforcement bars diameter, and the
reinforcement bars material properties. Moreover, before the designing process, the user
must define the distribution of the reinforcement bars along the both principal axes of
the section. This distribution of bars within the column section, which is required to
start designing in CSI programs, is one of the design results using the new program.
For comparison, let the bars distribution calculated by the new program e. g. (shown in
Table 3) be applied to design the column using ETABS. The results and the comparison
between the two programs are presented in Table 4.

Table 4 shows that the relative difference between the amount of reinforcement calcu-
lated by the new program and the the amount of reinforcement calculated using ETABS
ranges between (0.057–3.425 %), which shows an agreement between the results when
using the same bars distribution in the column section.

According to ETABS, the result of design is given in the form of reinforcement amount
(the reinforcement area (mm2) required in the concrete section) corresponding to the
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Тable 4. Comparison between the reinforcement
amount calculated by the new program and ETABS

Bars number
Bar size, along along Reinforcement amount, mm2

mm axis-2 axis-3 The new program ETABS Relative difference, %
12 21 12 7012 7008 0.057
14 17 9 7081 7120 0.551
16 16 7 7238 7164 1.022
18 13 6 7125 7267 1.993
20 10 5 7540 7349 2.533
25 6 4 7854 7585 3.425

distribution of bars chosen. Table 5 shows the amount of required reinforcement calculated
using ETABS for different distribution of the bars of different diameters.

Тable 5. The reinforcement amount (mm2) calculated by ETABS,
according to different values of bars distribution

The number of bars along the principal directions
Bar size, axis-2 axis-3 axis-2 axis-3 axis-2 axis-3 axis-2 axis-3

mm 21 12 8 4 5 3 2 2
12 7008 6592 6440 5228
14 7120 6733 6526 5291
16 7164 6886 6623 5355
18 7267 7045 6761 5422
20 7349 7211 6905 5489
25 7585 7655 7284 5663

As can be seen from Table 5, the choice of the distribution of bars in the section
before the design greatly affects the design results, and the chosen distribution may not
be the best distribution (which provides the required resistance with the least amount of
reinforcement) within the concrete section.

4. Conclusion. Thus, the new numerical procedure is presented for designing rectan-
gular reinforced concrete columns under combined biaxial bending and axial load. Using
the new procedure, the program gives more detailed results when designing the column,
compared to existing engineering packages: the calculated reinforcement amount is rep-
resented as a group of bars of a certain diameter, distributed regularly along the sides
of the column section. In contrast to CSI programs, the new program does not require
pre-setting the distribution of bars before designing. The choice of the distribution of bars
in the section before design greatly affects the design results, and the pre-selected distri-
bution may not be the best distribution of bars within the concrete section. The proposed
procedure is realized within two methods: accurate method of calculation of the column
capacity interaction volume; the elliptical approximation of the column capacity interac-
tion volume. The use of the new procedure within the second method gives results very
close to the first one, but requires much less time for calculation. This is very important
when designing large structures with a large number of columns.

The program can be downloaded for free from this site (https://www.amsprogram.ru/).
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Об оптимальном проектировании железобетонных колонн, находящихся
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В данной статье представлена новая процедура для проектирования прямоугольных
колонн, находящихся под совместным действием двуосного изгиба и осевой нагрузки.
Разработанная процедура реализована в новом комплексном программном обеспечении
для анализа и проектирования зданий. По сравнению с существующими инженерными
пакетами предложенная программа не требует предварительного задания распределе-
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ния стержней по сечению колонны перед началом проектирования и дает более де-
тальные результаты: не только необходимое количество арматуры, но и распределение
стержней определенного диаметра по сторонам секции колонны. Сначала программа
выполняет расчет для четырех арматурных стержней, расположенных в углах колон-
ны, проверяя, обеспечивают ли они требуемое сопротивление приложенным нагрузкам.
Если железобетонная колонна не выдерживает приложенных нагрузок, то программа
увеличивает количество арматуры, добавляя новые стержни, и снова проверяет сопро-
тивляемость нагрузкам. Этот процесс продолжается до тех пор, пока железобетонная
колонна не сможет выдерживать заданные нагрузки. Предлагаемая процедура реали-
зуется в рамках следующих методов: (I) построение поверхности разрушения с исполь-
зованием большого количества кривых взаимодействия (обычно 24 кривые); (II) эл-
липтическая аппроксимация поверхности разрушения. Во втором методе программа
рассчитывает только две кривые взаимодействия для эксцентричного случая: первая —
в направлении X, а вторая — в направлении Y . В обоих методах кривые взаимодей-
ствия рассчитываются в соответствии со стандартами American concrete institute. Ис-
пользование новой процедуры в рамках второго метода дает результаты, очень близкие
к первому, наиболее точному, методу, но при этом требует гораздо меньше времени для
расчета. Последнее обстоятельство очень важно при проектировании объемных кон-
струкций с большим числом колонн.
Ключевые слова: железобетонная колонна, двухосный изгиб, осевая нагрузка, поверх-
ность разрушения, проектирование зданий.
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