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is investigated. The case in which the solutions have a trivial equilibrium that may not
be an invariant set of the system is studied. The junction of Lyapunov — Krasovskii and
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1. Introduction. The second Lyapunov method is the main tool to analyze the
qualitative behavior of the solutions of differential equations. For the differential equa-
tions with delay, this method includes two approaches as follows. In accordance with
the Krasovskii approach [1, 2], Lyapunov — Krasovskii functionals are constructed as Lya-
punov functions for stability analysis. In accordance with the Razumikhin approach [3, 4]
the motion equations are studied using the classical Lyapunov function but its derivative
along the trajectories of the system is estimated not on the whole set of its integral curves
but on some subset. The junction of these approaches is also successfully used to analyze
the stability of time-delay systems. In [5-7], the idea was proposed to replace the posi-
tive definiteness of the functional with this condition on the special Razumikhin-type set
of functions only while retaining the other classical conditions. This made it possible to
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obtain sufficient conditions for the asymptotic stability of time-delay systems of general
form, as well as necessary and sufficient conditions for the asymptotic stability of linear
time-delay systems.

In this paper we investigate the issue of the existence of an asymptotic quiescent
position in nonlinear time-delay systems. The concept of an asymptotic quiescent position
for the systems of differential equations was introduced by Zubov in [8] for studying the
motions with a limiting behavior for infinitely increasing times in which the limit sets are
not the invariant sets of the initial differential equations. A number of papers are devoted
to this topic, see, for example, [9-11]. For time-delay systems, the concept of an asymptotic
quiescent position was introduced in [12], and in papers [13, 14] some sufficient condition
for it existence have been established. In this paper we present a modification of the
sufficient conditions for the existence of an asymptotic quiescent position. The main idea
is to add to the condition of positive definiteness of the functional one more condition,
which must be satisfied on the special Razumikhin-type set of functions. This made it
possible to weaken the restrictions on the derivative of the functional with respect to the
solutions of the system (in comparison with [12]), but at the same time strengthened the
restriction on the choice of the functional itself. In general terms, the difference between
the result obtained in [12] and the one presented here is most easily demonstrated by
systems with perturbations of the following type:

T = F(t,l‘t) + R(t,l’t),

where the system
T = F(t, ﬂft)

has an asymptotically stable trivial solution, and a functional R(t,z;) such that
|R(t, ze)|| <v(t) — 0 as t — 4o0.

In [12], the existence of an asymptotic quiescent position is guaranteed by the condition
of the convergence of the improper integral of the function «(¢). In the present paper,
this condition is not needed. However, on the functional V (¢, 2;), with the help of which
the system is investigated, an additional condition is imposed, the essence of which is as
follows: V must be an increasing function of the norm ||z||s.

2. Preliminaries. Consider the time-delay system

&= f(t,2(t), z(t = h)), (1)

where z(t) € R"™ and the time-delay h > 0. Let the vector-valued function f(t,z,y) be
defined for t > 0, x € R™ and y € R™. We assume that this function is continuous in
the variables and satisfies the Lipschitz condition with respect to the arguments x and y.
From now on we assume that initial functions belong to the space of continuous vector
functions C([—h,O],R”) and denote X = C([—h, 0], R”), RL = {t €R! | t> 0}. It is well
known from [15], that the above restrictions on the right-hand side of system (1) ensure
the existence and uniqueness of a solution z(t, o, ¢) for any to € R} and ¢ € X. For given
to € R and ¢ € X the state of the system at time ¢ is defined as

xt(thQD) = x(t+ SathQD)a s € [7h70}

From now on we use the Euclidian norm for vectors, and for functions ¢ € X we use the
uniform norm:

lelln = sup }II@(S)II-

s€[—h,0
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Definition 1. The position x = 0 is called a asymptotic quiescent position in the
large if all solutions of system (1) are defined on the set ¢ > ¢y and

lz(t, to, )| — 0 as t— 4o0.

Let the function A(t) be defined and continuous for each t € R

Definition 2. A function W (t,x) is called negative definite on the set ||| > A(¢) if
the following conditions are satisfied:

a) W(t,z) is continuous in the variables on the set ¢ € R, z € R™;

b) W(t,z) < —Wi(x) on the ||z|| > A(t), where a function Wi (z) is continuous and
positive definite on the set z € R".

Let a functional V (¢, ) be defined on the set X for each ¢t € R . This functional will
be understood as a mapping V : R} x X — R'.

Definition 3. The functional V(t,¢) is said to be continuous on the set R} x X if
for any € > 0, t € R} and ¢ € X there exists a value § > 0 such that, for any 7 € R} and
b€ X with [t — 7|+ o — ¥lln < 8, [V(t,0) — V(r,6)] <.

If we substitute a solution x(¢,%g, ) into the functional V' we get a function v(t) =
V(t,zi(to, @)

Definition 4. The derivative of the functional V (¢, ;) along the solution z(t, tg, ¢)
is the functional W (¢, z;) which satisfies the following condition:

o(t) = W (t,z4(to, @)).

This identity should hold for all ¢ > tg for which the right-hand side is defined. Such
a functional W(t,x), if it exists, will be denoted by V\(l)(t,xt). And in this case the
functional V' (¢, z;) will be called differentiable along the solutions of the system (1).

3. Sufficient condition for the existence of asymptotic quiescent position
in the large. Let us suppose for each H > 0 the function f(¢,z,y) is uniformly bounded
in ¢ > 0 on the set ||z|| < H, |ly|| < H, and introduce the set

S={peX|[le6)l <leO)l, se€l-h0)}

Theorem 1. Let V(t,x,) and W (t,z;) be continuous on the set R x X functionals
satisfying the conditions:

e Vi([lz®)]]) < V(t 2:) < Va(l|lzelln), where the functions Vi(r) and Va(r) are positive
definite on the set r > 0, and Vi(r) — 400 as r — +00;

o there exists 6 > 0 such that v(t) > v(§) for all £ € [t — 0,t) and z; € S

. V|(1)(t,xt) = W(t,z:) < Wi(t,x), where the function Wi (t,x) is negative definite
on the set ||z|| = A\(t);

e lim sup Wi(t,z) <0
£z <A (t)

e A(t) € CO([0,+00)), A(t) > 0 and A(t) = 0 as t — 4o,
then x = 0 is asymptotic quiescent position in the large for trajectories of system (1).

P r o o f. We consider an arbitrary t3 > 0 and an arbitrary initial function
o(t) € C°ty — h,tp]. By virtue of the conditions of the theorem, the functionals
V(t,z;) and W (t,2;) are defined and continuous on the set R! x X, consequently, for
v(t) = V(t,2¢(to,¢)) the equality 0(t) = w(t) = W(t, z:(to, p)) will be satisfied over the
entire interval of the existence of the solution ¢t € [to, T (to, <p)) Thus, for all a and b from
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[to, T'(to, ¢)) we have
b

a) + /w(t) dt. (2)

It’s clear that T'(¢o, ¢) may be equal to +o00. For the sake of simplicity we denote x (¢, to, )
by x(t). O

1. Let us prove that x(t) is defined on the interval [to, +00). Assume the converse.
Let there exists a moment of time ¢, > to such that x(¢) is defined for all ¢ € [to, t.) and
not defined for ¢ = t,. Then, on the one hand, either there exist a constant Hy > 0 and
a sequence 7y, — t, —0 such that ||z(7%)|| < Hp for all & > 1, that contradicts the existence
and uniqueness theorem of the main initial problem, or

lz@)|]| — +o0 as t —>t.—0.
Then from the first condition of the theorem it follows that
v(t) — o0 as t—t, — 0. (3)

On the other hand, from the fifth condition of the theorem it follows that there exists
t1 > to such that ||z(¢)|| = A(t) for all ¢ € [t1,t.). Therefore, using the third condition of
the theorem, we have v(t) < v(t1) for all ¢ € [¢1,t.), that contradicts relation (3).

2. Let us prove that z(t) is bounded on the interval [ty, +00). From the fifth condition
of the theorem it follows that there exists a constant Ly > 0 such that A(t) < L, for all
t > 0. Let Ly > 0 be a constant such that ||¢||n < L2, and L = max{L, Lo}. Assume that
x(t) is unbounded on the set t > tg, then there exists a moment of time T > tg such that
lx(T)]| = 2L and ||z(t)|| < 2L for all ¢t € [tp, T). This means that z € S, consequently,
0(T) = 0. (It follows from second condition of Theorem 1.) But by virtue of third condition
of the theorem we have 0(T") < 0. This contradiction means that x(t) < 2L for all ¢ > to.

3. Let us prove that z(t) — 0 as ¢ — 4o00. Assume the converse. Let there exist
a value o > 0 and sequence t* — +oo as k — +oo such that

|zt > a forall k>1. (4)

Two situations are possible:

(A) there exists Ty > to such that ||z(¢)| > /\( ) for all ¢ > Ty;

(B) there exists sequence of intervals (74,7%), 7% — +00 as kK — +oc such that
Jo ()]l < A(t) for any ¢ € (ry, 7+), and ()] > A(t) for any ¢ € [, 7).

Remark 1. The function A(t) — 0 as t — +o0, consequently, for any a > 0 it is
possible to find a moment of time 75 > 0 such that A\(¢) < /2 for all ¢ > T5. Let there
exist 01 and 65, To < ) < 0, having the property that [|z(6,)| = §, [[z(f2)] = o and
lz(t)] € [§,a] as t € [f1,0:]. In this case for each ¢t € [01,62], x(t) belongs to the set
lz]] = A(t) on which the function Wi (¢, z) is negative definite. Then there exist a positive
definite in R™ function W (z) such that Wy (¢,z) < —W (z) on the set ||z|| = A(¢).

For any 8, > 0 and B2 > 0, 81 < 2 we define a value

, = min W(x), > 0.
v(B1, B2) P e (z), v

Applying the relation (2) in the limits from 6; to 63 and third condition of the theorem,
we obtain
92 92
v(02) —v(01) < /Wl(T,x(T)) dr < — /W((E(T)) dr < —vy(02 — 01). (5)
01 01
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We denote m; = sup|f;(t,z,y)| on the set ¢t > 0, ||z| < 2L, |ly]| < 2L, M =
m? + ...+ m2 and applying Lagrange’s theorem on the mean value, estimate the length
of [91, 02]1

(Y o)

<z (02) — 2(61)]] = Z zi(02) — 2i(01))? = (62 — 01) Zf2 & x(&i), 2(& — ) <

< (92—6‘1)\/m%+...+m%=M(92—91).

Here z;(7) is i-th coordinate of the vector-function z(7) and &; € [01,602], i = 1,...,n
Thus,
0y — 0y > —— (6)
2 1 = 2M

Let us consider the situation (A). There are two cases of situation (A):

(A1) there exist a; > 0 and T3 > T3 such that ||z(t)| € [aq,2L] for all t > T5;

(A2) there exists sequence t, — 400 as k — 400 such that |z (t;)|| — 0 as k — +o0.

In case (A1) there exists T > T3 such that A(t) < ag for t > T. So z(t) belongs to
the set ||z]| = A(t) as t > T, then, by virtue of Remark 1, we have

(T) < le(T,x /W (e, 2L)(t - T).
T

This inequality contradicts the non-negativity of the function v(t) for t > T + U(T)

In case (A2) there exist a value a > 0 and a sequence of segments [0y, 0%], 91 > T,
0, — +oo as k — +oo such that [|z(0x)]| = a/2, ||z(6%)]] = « and |[z(t)] € [%,q] as
t € [0y, 0%]. Applying Remark 1, for each t > Ty, we get

3

¢ (t)
w(81) + / Wa(r,2(r)) dr < 0(61) — 2(@/2,0) 3 (6" (1)
01

k=1

where m(t) — 400 as t — +o00. By virtue of Remark 1 and estimate (6), for all k£ > 1 the
following inequality holds:

consequently, the right-hand side of inequality (7) tends to —oo as ¢ — +o0. This contra-
dicts the non-negativity of the function v(¢). Thus, we have established that the situation
(A) is impossible.

Let us consider situation (B). First we define a value ¢ = %, where «, v, M
are the values defined in Remark 1. Further, without loss of generality, we assume that
the points t* are the local maximum points of the function ||z(t)|| and note that there are
two cases of situation (B):

(B1) there exists a number k., tk« > Ty such that z,;. € S,

(B2) for any number k such that tk > T, there exists 7 € [ — h,t*) such that

[a(m)| = [l2(t")]- (8)
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In case (B1), on the one hand, from the second condition of the theorem it follows
that o(t**) > 0. On the other hand, ||z(t**)|| > A(t**), consequently, ©(t**) < 0. Thus,
case (B1) is impossible.

In case (B2) we note that ||z(t*)|| € [, 2L] and denote values

= min V) d = Va(r).
m= i, Vi) end me = max Va(r)

Then, by virtue of first condition of the theorem, v(t¥) € [n1, 7] and, consequently, there
exist a value 1 € [n1,72] and sequence v(tFs) — 7 as s — +o00. Therefore, for the selected
number ¢ there exists natural number s, such that

n—e<v(tt)<nte forall s>s,. (9)

Let us note that on the set s > s, it is possible to find a segment [tFs, t#s+1] such that

+oo
#5501 () | (s 7™) # ©. (10)

Let [tFs t*s+1] be the segment that satisfies condition (10), then there exists a natural
number [; > 1 such that this segment can be represented as follows:

la—1
[the, ther] = U [theti ghatitl]  ghotle — ghoss,
i=0

Let us consider a segment [tFsT?¢ ¢Fs+i+1] and note that either ||z(t)]| > A(t) for t €
[theti, tha 1] then ' ‘
p(ths L) (Rt < 0, (11)

or there exist intervals (7,,,, 7™) € [thst? tFs+i+1] i = 1,... p;, such that [|z(2)| < A(?)
for t € (7, 7™). From the fourth condition of the theorem it follows that there exists
a continuous and non-negative as ¢t € R function A(t) satisfying the following conditions:
(C1) A(t) = sup Wit z);
=l <A(2)
(C2) A(t) = 0 as t— 4oo.
From (C2) we have that there exist a moment of time T > T, such that

at+h
/ A(t)dt <4e for all a > Ty. (12)
From (4) and (8) it follows that there exist quantities d; > 0 and J; > 0 such that
(DL) [|lz(t*** +61)[| = @ and [lz(t* T — &) = o
(D2) [|[z(t)]| < v as t € [theTi 4 &1, thsHitl — 5y,
(D3) 0 < ths it — 5y — theti 4§ < h.
From (D1) and (D2) it follows that there exists ¢; € [tFt? + 6;,71] and (o €

[7Pi thsHiTL — §,] such that ||z(¢1)| = /2, |z(®#)|| € [a/2,a] as t € [tFTt + 61,¢]
and [|z(&)| = /2, ||[2(t)]| € [a/2,a] as t € [(a, tFs T — §y]; and from (D3) we have
P (F™ — Tm) < h. Applying relation (2) in the limits from t*s+% to ¢k T+l for each

i€[0,l5 — 1] we get:
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thsTigg; C1 C2

(R LY ket / wy (t)dt + / wy (1) dt+/w1(t) dt +

thsti ths+it sy C1
hatitl 5 thstitl
+ / wl(t)dt—i— / wl(t)dt211+fg+13+14+f5,
G thatitl g,

here wq(t) = Wi(t,x(t)). Let us estimate each term of this sum on the set s > s. and
the > Ty:

e /1 <0 and I5 < 0 by virtue of the third condition of the theorem:;

o Ir < —% and Iy < 7% by virtue of inequalities (5) and (6) of Re-
mark 1;

e to estimate I3, we represent the segment [(1, (3] in the following form [(1, (2] =
24U, where 4 = {t € [C1,G2] | [2(t)]| > A1)} and 0 = {t € (61,6l | [2(8)] < A(D)}.
Then, using relation (12), inequality (C1) and the third condition of the theorem, we get

&:/m@ﬁ+/m@ﬁg/m@ﬁ</A@ﬁ<%

1 QQ Q2 Ql

Consequently, for each i € [0,1, — 1], for each s > s, and for each t*s > T} the
inequality holds _ _
p(th T () < —4e (13)

Thus, using relation (2) in the limits from t*s to t*s+1 and also (9)-(11), (13), we

obtain the following contradiction:

L phstitl

—2e < p(th+1) —u(th) = Z wy (t) dt < —4lse < —4e.
=0 ot

So the situation (B) is impossible and x(t) — 0 as ¢ — +o00. The theorem is proved.

4. Sufficient condition of asymptotic stability. Further we abandon the condition
uniformly boundedness of the vector-function f(¢,z,y) with respect to ¢ > 0 on the set
lz|| < H, ||y|]| < H, and assume that system (1) has a trivial solution.

Theorem 2. Let V(t,x,) and W (t,z;) be continuous on the set RL x X functionals
satisfying the conditions:

e Vi([lz(®)]]) < V(t, 2:) < Va(||lzelln), where the functions Vi(r) and Va(r) are positive
definite on the set r >0, and 0 < r < H;

e there exists § > 0 such that v(t) > v(§) for all { € [t — 6,t) and x; € S;

o V|t z) = W(t,xs) < Wi(t,z), where the function Wy(t, ) is negative definite
on the set \(t) < ||z|| < H;

e lim sup Wi(t,z) <0
EF00 1z <A (t)

e A(t) € C°([0,+00)), A(t) > 0 and A(t) = 0 as t — +oo,
then the trivial solution of the system (1) is asymptotically stable.

P r o o f. Let us show that the trivial solution of system (1) is Lyapunov stable, i. e.
for every € > 0 and ¢y > 0 there exists § = §(e,tp) > 0 such that for any initial functions
¢ € X, |lelln <8, we have ||z(t, to, p)| < & for all t > t,. O
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Let us set an arbitrary number € > 0. From firth condition of Theorem 2 it follows
that there exists a moment 7' > ¢y such that A(¢) < e/2 ast > T. Since z(t, to, ) depends
continuously on ¢ (see, for example [15]), by the values € and T we can find a number
& € (0,¢) such that if [|¢||, < 4, then ||z(t,to, ¢)|| < /2 for all t € [to, T].

Suppose, that there exists t, > T such that Hx(t*, to, <p)H = ¢e. And let t, be the first
moment when the solution x(t, ¢y, ¢) reaches the sphere ||z| = ¢.

Then on one side x¢, € S and 0(t.) > 0; and on the other side 0(t.) < 0 by virtue of
third condition of Theorem 2. This contradiction proofs the Lyapunov stability of trivial
solution of system (1).

The proof of the asymptotic stability of the trivial solution will repeat the proof of
the third item of Theorem 1, with the only difference that estimate (6) can be obtained
using the fact that system (1) has a trivial solution and the right-hand side of system (1)
satisfies the Lipschitz condition. The theorem is proved.

Remark 2. Note that the verification of the second condition of the above theorems
in the general case seems to be very difficult. However, it can be easily verified for a wide
class of functionals.

Examples. In this part, the application of the above theorems is illustrated by the
examples of scalar nonlinear differential-difference equation.

Let us consider the equation

1
1+t

&= —22%(t) + 2%(t — h) + (14)

and the functional ,

V =zt(t) + / 25(s) ds. (15)
t=h

This functional is continuous in the sense of Definition 3 and satisfies the first condition of

Theorem 1, where Vi (|le]) = [l#]* and Va([lz]l) = 2[4 + A5 The second condition

of Theorem 1 is satisfies too, since if z; € S, then z*(t) > 2%(¢) as € € [t — h,t) and,
t

consequently, the function v(t) = [ 2%(s)ds satisfies the condition %(¢) > 0. Thus,
t—h

a value ¢ from second condition of Theorem 1 there exists. The functional W (t,x;) =

3

—728(t) + 423 ()23 (t —h) + 4\33/”1(72 —25(t — h) is also continuous in the sense of Definition 3.

Along an arbitrary solution x(t) = x(t,tg, ) of equation (14) the function ©(¢) that can

be found using the basic rules of differentiation, coincides with W(t, z¢(to, cp)) Then, by

virtue of Definition 4, we have

V|(14) (ta mt) = W(t7 xt)7

e W (t, ;) = —72%(t) + 423 (t)2®(t — h) + ) _ x5(t —h) =
yt) — m -
= —3z%(t) — (22°(t) — 2°(t — h))2 + fxlsjf)t < —325(t) + Z;%(IST); =Wi(t,z(t))
If we put s
Wi(t,a) = —325 + 2 ) = 2

V1+t V1i+t
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then we get
2

N

Thus, the function Wy (¢, x) is negative definite on the set |x| > A(¢):

5
Wi(t,z) < —5336 on the set |z| >

32
sup Wi(t,z) < = 0 as t— oo,
ol <A(®) (V1+1)
consequently, the forth condition of Theorem 1 is satisfies too. Therefore, all hypotheses
of Theorem 1 are true, and the position £ = 0 is a asymptotic quiescent position in the
large for equation (14). Let us note that

+oo +oo

32
sup Wi(r,z)dr = / —————d7 = 400,
/ lzll <A(r) (V1+7)?

0 0

so we cannot apply Theorem 1 from [12], at least if we use the same functional V' and the
same function A(t).
Let us consider the equation

x(t)
v+t

and the functional (15). Repeating the reasoning from the previous example, we get

i =—223(t)e! +23(t — h) +

(16)

. 4z4(t)
Ve (t,z) = =7eta®(t) + 43 (t)x(t — h) + —25(t—h) <
|(16) (¢, ) e'a”(t) + 4z (t)z"( ) JTri z( )
, 4z4(t) 4z4(t)
< —325(t) — (223() — 23(t — b)) + < —325(t) + = Wi(t,z(t
a®(t) — (22°(t) — 2°( ) i z°(t) T e 1(t,2(t))
If we put
474 2
Wi(t,x) = —32° + d \t)= ,
o) = =307+ gr=gy and MO = p=g
then we get
2
Wi(t,z) < =225 the set >
1(t, x) x°  on the set |z T

Thus, the function Wy (¢, x) is negative definite on the set |z| > A(t):

sup Wi(t,z) < LN — 0 as t— oo,
|2 <A(%) L+t

consequently, all conditions of Theorem 2 are satisfies and therefore, the trivial solution

of equation (16) is asymptotically stable.

5. Conclusion. This paper contains the further research of the problem of the exis-
tence of asymptotic equilibrium in time-delay systems, which was started in [12].The syn-
thesis of Lyapunov — Krasovsky and Razumikhin approaches made it possible to weaken
the restrictions on the functional W (¢, x;), in comparison with [12]. Thus, it turned out
to be possible to solve the question of the existence of asymptotic equilibrium for a wider
class of systems.
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B crarpe mzyvarorcst HeMHEHHbIE CUCTEMBI C 3aIIa3/ILIBAIOIIMM APTYMEHTOM U UCCJIEIyeT-
Csl TIpeJlesIbHOE TOBEEeHNe UX pelneHuit. PaccMoTpen ciydail, KOT/Ia pEIIeHusl CTPEMSITCS
K HYJIEBOMY IIPeIeIbHOMY IIOJIO?KEHHIO, KOTOPOE, B CBOIO OYepeab, MOXKeT He ObITh MHBa-
PHAHTHBIM MHOXKeCTBOM cucteMbl. Ha crTeike moaxosos JIsmynosa— Kpacosckoro u Pazy-
MUXWHa MOJIy4YeHBbl JOCTATOYHBIE YCJIOBUS CYIIECTBOBAHUS ACUMITOTHUYECKOI'O HOJIOXKEHUS
IIOKOsI B IleJIoM. B citydae, Korja cucreMa nMeeT TPUBUAJIBLHOE DeIeHNe, OIpeieIeHbl HOBbIE
JOCTATOYHBIE YCJIOBUSI €I0 ACHMIITOTHYECKON yCTOWYMBOCTHU. lIpuBeeHbl IpuMephl, UILIIO-
CTpUpYIOIINe IPUMeHeHNe IIPUBEJIEHHBbIX Pe3yJIbTaTOB.

Karoueswie caosa: CUCTEMBI C 3ala3blBAHUEM, aCUMITOTHYECKasl YCTOWINBOCTDb, aCHMIITO-
THUYIECKOe TOJIOXKEHUE TOKOsI, MeTon dyHKnunoHaaos JIlsmynosa — Kpacosckoro, nmogaxon Pa-
3yMUXHHA.
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