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This paper presents a mathematical model of a two-dimensional emission diode system with
two identical field emitters on a flat substrate; the anode is a plane parallel to the plane of the
substrate. According to the proposed method, the real field cathode coincides with the virtual
cathode, the shape of which is determined by the zero equipotential surface. The influence
of each of the field emitters on the electrostatic potential distribution is replaced by the
influence for a finite number of charged filaments. The solution of the boundary value problem
for the Poisson equation is found in an analytical form. The potential distribution over the
entire region of the emission system under study is presented in the form of expansions in
terms of eigenfunctions. The coefficients of the series are calculated explicitly. The graphs
presented demonstrate the dependence of the potential distribution on the distance between
the emitters. All geometric dimensions of the system are the parameters of the problem.
Keywords: micro- and nanoelectronics, field emitter, mathematical modeling, electrostatic
potential distribution, boundary-value problem.

1. Introduction. Field cathodes are widely used in a variety of modern vacuum
electronic devices [1-3]. The field cathode is structurally a thin emitter with a radius of
curvature at its top, on the order of several micro- or nanometers [4—6]. This shape of
the emitter makes it possible to obtain intense field electron emission at relatively low
voltages [7, 8]. However, one of the main disadvantages of field cathodes is that they give
small values of the total emission current for single emitter — on the order of several
microamperes. This work is devoted to the mathematical modeling of a two-dimensional
emission diode system with two identical field emitters on a flat substrate. The anode is a
plane parallel to the plane of the substrate. Two field emitters schematic representation in
Cartesian coordinates (,y) is shown in Figure 1. The influence of each field emitter on the
potential distribution can be replaced by the influence of N charged filaments with charge
densities 7; located in the 2Oy plane with coordinates (x = xq, y = yo,) and (z = z3 — z,
Y = Yo,), @ = 1, N. The surface of the real cathode coincides with the zero equipotential
[9-12].

2. Mathematical model. The problem parameters: L — the height of the emitters;
y=0,0 <z < zo — the surface of the emitter’s substrate; y = y1, 0 < < xo — the
surface of the anode; x = 0, z = x2, 0 < y < y; — the boundaries of the domain along the
x axis; * = x1 = x9/2, 0 < y < y; — the plane of symmetry of the system.

The boundary conditions in an emission diode system with two field emitters:
U(z,0) = 0, 0 < = < x2, — on the substrate surface; U(z,y1) = Up, 0 < = < x9, —
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Figure 1. Schematic representation of the diode field emission system
with two identical field emitters

on the anode surface; U(0,y) = U(za,y) = UOE, 0 < y < y1, — the boundaries of the
Y1
domain in terms of the variable y.

The potential distribution function U(xz,y) for the entire region 0 < < x2, 0 < y <
y1 is symmetric with respect to plane x = x1, 0 < y < v, so the problem can be solved
for 0<z <2, 0<y <.

Let each charged filament with linear charge density 7; create a uniformly distributed
space charge p in a small volume |z —xg| < €, |y—yo,| < . Thus the electrostatic potential
distribution U(z, y) is a solution of the Poisson’s equation for the boundary-value problem:

&*U (x, &*U (x,

a:(L,Q y) + a(yZ y) = *%,D(’I,’,y),
U(z,0)=0, 0<z<u,
U(z,y1) =Uy, 0<z< a2, )
U0,y) = Uoi, 0<y <y,
Wiz,y) =0, 0<y<uwy.

ox

T=T1

The function p(z,y) on the right side of the Poisson equation for the boundary value
problem (1) can be represented as

Pis |z — x| <e and |y —yo,| <9,
M%MZ{ (2)

07 |.’II—.’I,‘0|>EOI' |y_y01|>57

where the relationship between the space charge (2) and the linear charge density of the
filament is given by the condition

7, = lim 4edp;, i=1,N. (3)
£,0—0
The potential distribution U(z,y) can be represented in the form
Ulwy) = Vo -+ Ur(2y). (4)
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Then formulas (2)—(4) for the function U(z,y) make it possible to satisfy all the
boundary conditions of the problem (1) with respect to the variables x and y, if the function
Ui (z,y) is solution of the Poisson equation with homogeneous boundary conditions in both
variables:

0*U; (x, 0%U; (x,
alég 2 813537 o Lote,y),

Ur(2,0) =0, 0<z<ai,
Ui(z,y1) =0, 0<z<a,
Ui(0,y) =0, 0<y<uy,

oU, (‘T’ y)

3. Solution of the problem. The function U;(z,y) is a solution of the boundary
value problem (5) for the Poisson equation and with the variable separation method can
be represented as an expansion in terms of eigenfunctions in the variable y with functional
coefficients vy, (¢) [9-11]:

> ) m
Uy ('T»y) = Z Um(x) S Y, Qg = ; (6)
m=1

Substituting (6) into the Poisson equation (5), as a result of transformations, it can
be obtain that the functions v,,(x) are the solution to the system of second-order ordinary
differential equations with constant coeflicients:

Y1

" 2 .
V(%) = () v () = — /p(w,y) sin au,y dy (7)

oY1

0

and boundary conditions
dvp, (x)
m 0 == 0, —_— = O.
Um (0) T
=1

The solution of system (7) makes it possible to find the potential distribution in the
entire region of the emission system.

The electrostatic potential distribution U(x,y) has the form:

e 0 < x <

Ulz,y) = Uo* Zﬂ > i (om o, COS};SI?(S;%;UO)) x (8)

—

1= m=1

x sinh (ay, ) sin (@ ) ;
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Yy 2 2. sin (o yo,) sinh (e, z0)
Ulz,y) =Up=—+—> 7 : X
(z,9) Oy Z Z m cosh (1) (10)

y 2 N 0 sin (a Y )COSh (Oé (37 X ))
Ulz,y) = U+ —3 — o)
(o) =Vo b =Dy — - cosh(amer) (11

x sinh (a, (x2 — x)) sin (o, y) ;

™m
Qo 0 (12)
4. Results of numerical calculations. In accordance with the obtained analytical
solution (8)—(12) of the boundary problem (1), the potential distribution was calculated
for different values of xg, which specifies the distance between two emitters.
Figures 2, a—d show the equipotential distributions throughout the emission diode
systems for the following parameter values: 1 = 30, 2 = 60, y; = 10, N = 10, yo, =

= —40, 1; = Ti (¢ = 1,N). All geometric parameters and electrode potentials

i
Yign T
are given in non-dimensional quantities.
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Figure 2. Distribution of equipotentials at zo = 15 (a), o = 25 (b), zo = 27 (¢) and xo = 29 (d)

The height of the emitters L can be calculated from condition U(xg, L) = 0.
5. Conclusion. In this article a two-dimensional emission diode system is modeled.
The field cathode is a system of two emitters of uniform shape, located on a flat substrate,
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and with a flat anode parallel to the substrate. To calculate the electrostatic potential
distribution, the influence of emitters on the electric field is replaced by the influence
of charged filaments system. The variables separation method in Cartesian coordinates
is used to solve the boundary problem (1)-(3). The potential distribution is found in
the form of Fourier expansions with known coefficients throughout the domain of the
emission diode system — formulas (8)—(12). According to formulas obtained in explicit
form, the equipotential distributions were presented in graphs, showing the dependence of
electrostatic field on the distance between the emitters. All the geometric dimensions of
the system are the parameters of the problem.

References

1. Forbes R. G. Proposal that interpretation of field emission current—voltage characteristics should
be treated as a specialized form of electrical engineering. Journal of Vacuum Science and Technology B,
2023, vol. 41, art. no. 028501.

2. Adhikari B. C., Ketan B., Kim J.S., Yoo S. T., Choi E. H., Park K. C. Beam trajectory analysis
of vertically aligned carbon nanotube emitters with a microchannel plate. Nanomaterials, 2022, vol. 12,
iss. 23, no. 4313.

3. Egorov N. V., Sheshin E. P. Carbon-based field emitters: properties and applications. Topics in
Applied Physics, 2020, vol. 135, pp. 449-528.

4. Mousa M. S., Knapek A., Grmela L. Similarities and differences between two researches in field
electron emission: a way to develop a more powerful electron source. Jordan Journal of Physics, 2020,
vol. 13, iss. 2, pp. 171-179.

5. Fawaeer S. H., Shatnawi M. T. M., Allaham M. M., Mousa M. S. Influence of polystyrene layer on
the field electron emission performance of nano-apex carbon fibre emitters. Advances in Materials and
Processing Technologies, 2022, vol. 8, iss. 3, pp. 2652—2671.

6. Filippov S. V., Dall’Agnol F. F., Popov E. O., Kolosko A. G., De Assis T. A. Reaching homogeneous
field emission current from clusters of emitters with nonuniform heights. Journal of Vacuum Science and
Technology B, 2023, vol. 41, iss. 1, art. no. 010601.

7. Sominskii G. G., Sezonov V.E., Taradaev E.P., Tumareva T. A., Taradaev S.P., Rukavitsy-
na A. A., Givargizov M. E., Stepanova A. N. Field emitters for miniature high-voltage electronic devices
operating in technical vacuum. Radiophysics and Quantum Electronics, 2019, vol. 62, iss. 7-8, pp. 539-546.

8. Allaham M. M., Knapek A., Mousa M. S., Forbes R. G. User-friendly method for testing field
electron emission data: Technical report. 34*" International Vacuum Nanoelectronics Conference (IVNC).
Lyon, France, 2021, pp. 1-2. https://doi.org/10.1109/IVNC52431.2021.9600769

9. Vinogradova E. M., Egorov E. N., Televnyy D. S. Mathematical modeling of field emitter array.
Vacuum, 2016, vol. 127, pp. 45-50.

10. Vinogradova E. M., Egorov N. V., Doronin G. G. Mathematical simulation of a 2D diode system
with a blade-shaped field emitter. Technical Physics, 2020, vol. 65, iss. 4, pp. 514-518.

11. Vinogradova E. M., Egorov N. V. Effect of dielectrics on the field emission characterisrics in the
diode system modelling. Results in Physics, 2021, vol. 30, art. no. 104822.

12. Filip L. D., Carey J. D., Silva S. R. P. Exact equipotential profile mapping: A self-validating
method. Journal of Applied Physics, 2011, vol. 109, art. no. 084527.

Received: September 7, 2022.
Accepted: October 12, 2023.

Authors’ information:
Nickolay V. Egorov — Dr. Sci. in Physics and Mathematics, Professor; n.v.egorov@spbu.ru

Ekaterina M. Vinogradova — Dr. Sci. in Physics and Mathematics, Professor;
e.m.vinogradova@spbu.ru

Galina 1. Kurbatova — Dr. Sci. in Physics and Mathematics, Professor; g.kurbatova@spbu.ru

Viadimir A. Klemeshev — PhD in Physics and Mathematics, Associate Professor;
v.klemeshev@spbu.ru

Becruuk CIIGIY. IIpuknannas maremaruka. udopmaruka... 2023. T. 19. B, 4 447



Maremarndyeckoe MOaeJINPOBAHUE IIOJIEBOII SMUCCUOHHOIN CUCTEMBI
C AByMs SMUTTEpaMu”

H. B. Eeopos, E. M. Bunoepadosa, I. U. Kypbamosa, B. A. Kiemewes

Cankr-Ilerep6yprckuii rocy1apCTBEHHBI YHUBEPCUTET,
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Has qurupoBauusi: Egorov N. V., Vinogradova E. M., Kurbatova G. I., Klemeshev V. A. Field
emission system with two emitters mathematical modeling // Becruuk Cankr-IleTepGyprckoro
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Paccmorpena maTemarnaeckast MOJEIb JBYMEPHONH SMUCCHOHHON TUOJHON CHCTEMBI C IBYMSI
[IOJIEBBIMK SMHUTTEPAMH Ha IIJIOCKOM IOJJIOXKKE, aHOJOM CJLY?KHUT IIOCKOCTH, IIapaJsijie/bHas
IJI0CKOCTH HOZI0KKHU. COIJIacHO IIPEJIOXKEHHOM METOJUKE, PeaJIbHbII II0I€BOil KAaTOJ COB-
[1a/1aeT C BUPTYAJIBHBIM, (pOpMa KOTOPOI'O OIPEIeJIsIeTCsl HyIeBOH 9KBUIIOTEHIIMAIBLHOMN II0-
BEPXHOCTBHIO. BiMsiHIe KayKJ0ro U3 II0JIEBBIX SMUTTEPOB Ha PaCIpeesIeHIe JIEKTPOCTATH-
YECKOI'0 IOTEHIIMAIA 3aMEHSIETCs BIIMSHIEM KOHEYHOI'O YHCJIa 3apsi?KeHHbIX HuTell. Pemenne
CPaHMYHON 3a7adu JJs1 ypaBHeHus lyaccona HaliieHo B aHajmuTHUIecKoM Bue. Pacnpeneste-
HUe ITOTEHI[HAJIa BO BCel 00JIaCTH UCCIIEAYEMOI SMUCCUOHHON CHCTEMBI IIPEJICTABIIEHO B BHJIE
pa3JIOXKEHH 110 cOOCTBEHHBIM DYHKImaAM. KoaduImeHTs! psiioB BEIMUCIEHBI B IBHOM BU-
ne. IlpuBenennsle rpadukn JeMOHCTPUPYIOT 3aBUCHMOCTD DACIPEEICHUs TOTEHI[NAIA OT
DPACCTOSIHUS MeXKJy SMUTTepaMu. Bce reomerpudecKne pasMepbl CUCTEMBI SIBJISIOTCS I1apa-
MeTpaMH 3a/1a4H.

Kaouesvie cro6a: MUKDPO- M HAHOIJIEKTPOHUKA, ITOJIEBOM SMUTTED, MATEMATUIECKOE MOJEIHU-
pOBaHUe, paclpejiesieHre JIeKTPOCTATHIECKOrO IIOTEHIINAIA, T PAHIYHAA 331294,
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