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In the paper we consider a class of the differential games with continuous updating with
random information horizon. It is assumed that at each time instant, players have information
about the game (motion equations and payoff functions) for a time interval with the length
θ and as the time evolves information about the game updates. We first considered this type
of games in 2019. Here we additionally assume that θ is a random variable. The subject
of the current paper is definition of Nash equilibrium based solution concept and solution
technique based on Hamilton — Jacobi— Bellman equations.
Keywords: differential games with continuous updating, Nash equilibrium, Hamilton —
Jacobi—Bellman equation, random information horizon.

1. Introduction. Differential game theory is commonly used to describe realistic
conflict-controlled processes with many participants in the context of a dynamical sys-
tem. In the case where participants (players) have different goals and act individually
noncooperative differential game theory is applied. It is usual to consider games with
prescribed duration (finite time horizon) or games with infinite time horizon, where
players at the beginning of the game know all the information about the dynamics of
the game and about the preferences of players (payoff functions).

However, when considering game-theoretic models of realistic processes it is important
to take into account the possibility of occurrence of various uncertainties during the game.
For example, players may receive incomplete information about the process. Such type
of uncertainty was investigated in [1–5]. There it is supposed that players lack certain
information about the motion equations and payoff functions on the whole-time interval
on which the game is played. At each time instant information about the game structure
updates, players receive information about motion equations and payoff functions. The
class of noncooperative differential games with continuous updating was considered in the
papers [1, 2]. The system of Hamilton — Jacobi — Bellman equations is derived for the
Nash equilibrium in a game with continuous updating in [2]. In the paper [1] the class of
linear-quadratic differential games with continuous updating considered and the explicit
form of the Nash equilibrium is derived. Moreover, papers [3, 4] are devoted to the study
of cooperative games with continuous updating.
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Another type of uncertainties in differential games is that the game may end abruptly.
The class of differential games with random duration was considered in [6–8] to study this
case.

This paper attempts to combine two these approaches and considers the class of
differential games with continuous updating and random information horizon. It is assumed
that at each time instant, players have information about the game for a time interval with
the length θ, where θ is a random variable.

The aim is to present optimality conditions in the form of Hamilton — Jacobi —
Bellman equations for the solution concept similar to the feedback Nash equilibrium for
a class of games with continuous updating and random information horizon. The results
are illustrated with a game-theoretical model of non-renewable resource extraction.

2. Initial game model. Consider differential n-player game with prescribed duration
Γ(x0, T − t0) defined on the interval [t0, T ].

Motion equation has the form

ẋ(t) = g(t, x, u),
x(t0) = x0,
x ∈ Rl, u = (u1, . . . , un), ui = ui(t, x) ∈ Ui ⊂ Rk.

(1)

Payoff function of player i is defined in the following way:

Ki(x0, T − t0;u) =

T∫
t0

hi[t, x(t), u(t, x)]dt, i ∈ N. (2)

In formula (2) hi[t, x(t), u(t, x(t))], g(t, x, u) are the integrable functions by all the ar-
guments, x(t) is the solution of Cauchy problem (1) with fixed u(t, x) = (u1(t, x), . . . ,
un(t, x)). We consider the class of closed-loop strategies. The strategy profile u(t, x) =
(u1(t, x), . . . , un(t, x)) is called admissible if the problem (1) has a unique and continuable
solution. Each player attempts to maximize his payoff.

Using the initial differential game with prescribed duration of T , we construct the
corresponding differential game with continuous updating.

3. Differential game model with continuous updating. Consider n-player dif-
ferential game Γ(x0, t0, t0 + θ), defined on the interval [t0, t0 + θ], where θ is a random
variable distributed on [0, T ], with some predetermined distribution law. Let a cumulative
distribution function has the form

F (τ) =


0 for τ < 0,
φ(τ) for 0 ⩽ τ < T ,
1 for τ ⩾ T ,

here φ(τ) is assumed to be an absolutely continuous non-decreasing function, satisfying
conditions φ(0) = 0, φ(T ) = 1, 0 < T < T − t0. Denote by F t(τ) a cumulative distribution
function of random variable t+ θ:

F t(τ) =


0 for τ < t,
φ(τ − t) for t ⩽ τ < t+ T ,
1 for τ ⩾ t+ T .
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Motion equation in Γ(x0, t0, t0 + θ) has the form

ẋt0(s) = g(s, xt0 , ut0),
xt0(t0) = x0,
xt0 ∈ Rl, ut0 = (ut01 , . . . , u

t0
n ),

ut0i = ut0i (s, xt0) ∈ Ui ⊂ compRk.

The expected payoff of player i ∈ N in Γ(x0, t0, t0 + θ) is defined in the following way:

Kt0
i (x0, t0, T ;u

t0) =

t0+T∫
t0

τ∫
t0

hi[s, xt0(s), ut0(s, xt0)]dsdF t0(τ), (3)

where xt0(s), ut0(s, xt0) are trajectory and strategies in the game Γ(x0, t0, t0 + θ), ẋt0(s)
is the derivative with respect to s.

Subgame of differential game with continuous updating. Consider n-player differential
game Γ(x, t, t+ θ), defined on the interval [t, t+ θ], here t ∈ [t0, T ].

Motion equation for the subgame Γ(x, t, t+ θ) has the form

ẋt(s) = g(s, xt, ut),
xt(t) = x,
xt ∈ Rl, ut = (ut1, . . . , u

t
n),

uti = uti(s, x
t) ∈ Ui ⊂ compRk.

(4)

The expected payoff of player i ∈ N for the subgame Γ(x, t, t+ θ) has the form

Kt
i (x, t, T ;u

t) =

t+T∫
t

τ∫
t

hi[s, xt(s), ut(s, xt(s))]dsdF t(τ). (5)

In formula (5) xt(s), ut(s, xt) are trajectories and strategies in the game Γ(x, t, t+θ), ẋt(s)
is the derivative with respect to s.

According to [8] the expected payoff of player i ∈ N can be represented in the form

Kt
i (x, t, T ;u

t) =

t+T∫
t

hi[s, xt(s), ut(s, xt(s))](1− F t(s))ds. (6)

And the expected payoff of player i in subgame of Γ(x, t, t+ θ), starting at the moment τ
from xt(τ) is formula

Kt
i (x

t(τ), τ, T ;ut) =
1

1− F t(τ)

t+T∫
τ

hi[s, xt(s), ut(s, xt(s))](1− F t(s))ds, i ∈ N.

Differential game with continuous updating is developed according to the following
rule: current time t ∈ [t0, T ] evolves continuously and as a result players continuously
obtain new information about motion equations and payoff functions in the game Γ(x, t,
t+ θ).

Strategy profile u(t, x) in the differential game with continuous updating has the form

u(t, x) = ut(s, xt(s))|s=t, t ∈ [t0, T ], (7)

where ut(s, xt), s ∈ [t, t+ T ] are strategies in the subgame Γ(x, t, t+ θ).
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So, the procedure of constructing strategy profile u(t, x) according to (7) is as follows.
For each t ∈ [t0, T ] we find the strategies ut(s, xt) in the subgame Γ(x, t, t + θ), starting
at t. Then we construct a strategy profile u(t, x) of the game with continuous updating,
using the strategies ut(s, xt) in such a way that at each moment of time t ∈ [t0, T ], u(t, x)
coincides with ut(s, xt) at the initial moment of the subgame Γ(x, t, t + θ) (when s = t).
We get u(t, x) by combining initial values of ut(s, xt) for every t ∈ [t0, T ].

Trajectory x(t) in the differential game with continuous updating is determined in
accordance with (1), where u = u(t, x) are strategies in the game with continuous upda-
ting (7). We suppose that the strategies with continuous updating obtained using (7) are
admissible or that the problem (1) has a unique and continuable solution.

The essential difference between the game model with continuous updating and classic
differential game with prescribed duration Γ(x0, T − t0) is that players in the initial game
are guided by the payoffs that they will eventually obtain on the interval [t0, T ], but in
the case of a game with continuous updating, at the time instant t they orient themselves
on the expected payoffs (3), which are calculated based on the information defined on the
interval [t, t+θ] or the information that they have at the instant t. Unlike previous models
[2], here we assume, that the duration of the period on which players have the information
about the game θ is not fixed, θ is a random variable with distribution on the interval
[0, T ].

It is important to mention that the strategy profile and the related trajectory with
continuous updating can be defined on the infinite interval due to the continuously upda-
ting structure, but in this paper we present them on the closed interval [t0, T ].

4. Nash equilibrium in game with continuous updating. In the framework of
continuously updated information, it is important to model the behavior of players. To
do this, we use the concept of Nash equilibrium in feedback strategies. However, for the
class of differential games with continuous updating, we would like to have it the following
form: for any fixed t ∈ [t0, T ], uNE(t, x) = (uNE

1 (t, x), . . . , uNE
n (t, x)) coincides with the

Nash equilibrium in the game (4)–(6) defined on the interval [t, t+ θ] in the instant t.
Choosing at each time moment t ∈ [t0, T ] strategies that are equilibrium at the initial

point of the subgame starting at moment t, we guarantee that it will not be profitable for
the players to deviate from the chosen strategies at any moment, since they orient themself
on the payoff in subgame starting at t.

Following (7), first we find the Nash equilibrium ut,NE(s, xt) in each subgame Γ(x, t,
t + θ) for every t ∈ [t0, T ], and then consider initial values of ut,NE(s, xt) to construct
uNE(t, x).

In order to combine the Nash equilibria in all such subgames, we introduce the concept
of generalized Nash equilibrium in feedback strategies as the principle of optimality.

Definition 1. Strategy profile ũNE(t, s, xt) = (ũNE
1 (t, s, xt), . . . , ũNE

n (t, s, xt)) is a
generelized Nash equilibrium in the game with continuous updating, if for any fixed t ∈
[t0, T ] strategy profile ũNE(t, s, xt) is the feedback Nash equilibrium in game Γ(x, t, t+ θ).

It is important to notice that the generalized feedback Nash equilibrium ũNE(t, s, xt)
for a fixed t is a function of s and xt, where s is defined on the interval [t, t + T ]. Using
generalized feedback Nash equilibrium it is possible to define solution concept for a game
model with continuous updating. The meaning of the word “generalized” comes from the
idea of generalizing the notion of Nash equilibrium by introducing an additional time
parameter t as a starting point for each game defined on the interval [t, t+ θ].

Definition 2. Strategy profile uNE(t, x) is called the Nash equilibrium with continuous
updating if it is defined in the following way:
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uNE(t, x) = ũNE(t, s, xt(s))|s=t = (ũNE
1 (t, s, xt(s))|s=t, . . . , ũ

NE
n (t, s, xt(s))|s=t),

t ∈ [t0, T ],
(8)

where ũNE(t, s, xt(s)) is the generalized feedback Nash equilibrium defined in Definition 1.
Trajectory xNE(t) corresponding to the Nash equilibrium with continuous updating

can be obtained from the system (1) substituting there uNE(t, x).
Unlike the generalized feedback Nash equilibrium, uNE(t, x) does not contain feedback

Nash equilibrium strategies for any s ∈ [t, t+ T ]. Strategy profile uNE(t, x) only contains
strategies of players that they perform according to the procedure described in Section 4,
i. e. continuous updating procedure, where s = t. Strategy profile uNE(t, x) will be used
as a solution concept in the game with continuous updating.

5. Hamilton — Jacobi — Bellman equations with continuous updating. In
order to define strategy profile uNE(t, x), it is necessary to determine the generalized Nash
equilibrium in feedback strategies ũNE(t, τ, xt) in the game with continuous updating.
To do this, we will use a modernized version of dynamic programming (see [9]). In the
framework of this approach, the Bellman function V i(t, τ, xt) is defined as the payoff of
player i in feedback Nash equilibrium in the subgame of Γ(x, t, t+θ) starting at the instant
τ in the state xt(τ):

V i(t, τ, xt) =
1

1− F t(τ)

t+T∫
τ

hi[s, xt,NE(s), ut,NE(s, xt)](1− F t(s))ds, i ∈ N.

The following theorem takes place.
Theorem. ũNE(t, τ, xt) is the generalized Nash equilibrium in feedback strategies in

the differential game with continuous updating and random information horizon, if there
exist functions V i(t, τ, xt) : [t0, T ]× [t, t+T ]×Rl → R, i ∈ N , continuously differentiable
by τ and xt, satisfying the system of partial differential equations:

φ̇(τ − t)

1− φ(τ − t)
V i(t, τ, xt)− V i

τ (t, τ, x
t) =

= max
ϕi∈Ui

{
hi(τ, xt, ũNE

−i ) + V i
x(t, τ, x

t)g(τ, xt, ũNE
−i )

}
= (9)

= hi(τ, xt, ũNE) + V i
x(t, τ, x

t)g(τ, xt, ũNE), i ∈ N,

where ũNE
−i (ϕi) = (ũNE

1 , . . . , ϕi, . . . , ũ
NE
n ), V i(t, t + T , xt) = 0, i ∈ N , φ̇(τ − t) is the

derivative with respect to τ .
P r o o f. According to the definition of generalized Nash equilibrium, ũNE(t, τ, xt)

should be the feedback Nash equilibrium for any fixed t.
By fixing t in the formulation of the Theorem and in particular in (9) we obtain

sufficient conditions for feedback Nash equilibrium in the differential game with random
duration presented in [8]. Therefore for any fixed t the conditions for definition of genera-
lized Nash equilibrium are satisfied. The Theorem is proved.

6. Model of non-renewable resource extraction. As an illustrative example
consider a differential game model with continuous updating for the extraction of non-
renewable resource (see [10, 11]). Assume that n players exploit a natural common-property
resource, which does not regenerate over time, such as natural gas or earth minerals.
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6.1. Initial game model. By x(t) denote the state variable indicating the resource
stock at time t available to be extracted by the players. Parameter ui(t) denotes the
extraction rate of player i at the same time. We assume that ui(t) > 0, x(t) ⩾ 0.

The dynamics of the stock is given by the following equation with initial condition:

ẋ(t) = −
n∑

i=1

aiui(t, x), x(t0) = x0,

where ai > 0 for all i = 1, . . . , n, and x0 > 0.
Let players have logarithmic utility functions

hi(x(t), ui(t)) = lnui(t, x), i = 1, . . . , n.

Player’s i payoff function is

Ki(x0, T − t0) =

T∫
t0

lnui(s, x)ds, i = 1, . . . , n.

6.2. Nash equilibrium strategies with continuous updating. Assume that in-
formation about motion equations and payoff functions is updated continuously in time.
At every instant t ∈ [t0, T ] players have information only on the interval [t, t+θ]. It means
that at each time instant they can count for the stability of process only over period θ. Let θ
is a uniformly distributed random variable over an interval [0, T ], then φ(s−t) = (s−t)/T ,
s ∈ [t, t+T ]. According to the section to determine the Nash equilibrium feedback strate-
gies in the game with continuous updating, we consider the family of auxiliary subgames
Γ(x, t, t+ θ) with duration θ, starting at the moment t from the state x.

The dynamic constraints of the game Γ(x, t, t+ θ) are given by

ẋt(s) = −
n∑

i=1

aiu
t
i(s, x

t),

xt(t) = x,
xt ∈ Rl, ut = (ut1, . . . , u

t
n), u

t
i = uti(s, x) ∈ Ui ⊂ compRk.

The payoff function of player i in Γ(x, t, t+ θ) is

Kt
i (x, t, T ;u

t) =

t+T∫
t

τ∫
t

lnuti(s, x
t)dsdF t(τ), i ∈ N.

It can be represented in the form

Kt
i (x, t, T ;u

t) =

t+T∫
t

lnuti(s, x
t)(1− F t(s))ds, i ∈ N.

To calculate the feedback Nash equilibrium strategies in subgame Γ(x, t, t+ θ) we use
the dynamic programming technique.

With V i(t, s, xt) denote the Bellman function — payoff of player i in Nash equilibrium
in the subgame of Γ(x, t, t+ θ) starting at the moment s.
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The system of Hamilton — Jacobi — Bellman equations has the following form:

1

t+ T − s
V i(t, s, xt)− V i

s (t, s, x
t) =

= max
ϕi∈Ui

lnϕi − V i
x(t, s, x

t)(aiϕi +
∑
j ̸=i

aj ũ
NE
j )

 . (10)

We will find the Bellman functions V i(t, s, xt) in the form V i(t, s, xt) = Ai(t, s) lnx
t +

Bi(t, s). Maximizing the expression on the right-hand side of (10), and solving the corre-
sponding differential equations in Ai(t, s) and Bi(t, s), we obtain equations

Ai(t, s) =
T + t− s

2
,

Bi(t, s) =
T + t− s

2

(
− ln(T + t− s)− ln ai − n− ln

1

2
+

1

2

)
.

Finally we get the generalized feedback Nash equilibrium strategies:

ũNE
i (t, s, xt) =

2xt

ai(T + t− s)
.

According to the procedure (8) we consider equilibrium strategies in subgames Γ(x, t,
t+θ) at their starting points and construct the feedback Nash equilibrium with continuous
updating as follows:

uNE
i (t, x) = ũNE

i (t, s, xt) |s=t=
2x(t)

aiT
, i = 1, . . . , n.

The equilibrium trajectory xNE(t) with continuous updating is

xNE(t) = x0e
− 2n

T
(t−t0).

It is interesting to compare the obtained solution with the solution of the initial game
and the game with continuous updating and prescribed information horizon.

Equilibrium strategies and the corresponding trajectory in the initial game are

uNE
i,initial(t, x) =

x(t)

ai(T − t)
, i = 1, . . . , n,

xNE
initial(t) = x0

(T − t)n

(T − t0)n
.

The solution of the game with continuous updating and prescribed information horizon
can be found in [12]:

uNE
i,pr(t, x) =

x(t)

aiT
, i = 1, . . . , n,

xNE
pr (t) = x0e

− n
T
(t−t0).

To illustrate the difference between these solutions, consider the numeric example. Assume
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Figure. Nash equilibrium strategies (a) and resulting equilibrium trajectories (b)
in games of different types
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the following values of parameters: n = 3, x0 = 500, t0 = 0, T = 10, T = 1, a1 = 0.5,
a2 = 1, a3 = 0.9. The equilibrium strategies of the first player and trajectories in different
games are presented in Figure, a and b (for players 2 and 3 the graphs are similar).

It can be noted, that the less information the players have, the faster they try to
extract the resource. So, in the game with random information horizon, player 1 starts with
the rate of extraction 2000, in the game with continuous updating — with the rate 1000
and in the initial game — with 100. Figure, b shows that the fastest resource consumption
corresponds to the game with random information horizon.

7. Conclusion. A differential game model with continuous updating and random
information horizon is presented. The concept of Nash equilibrium for the new class of
games is defined. A new type of Hamilton — Jacobi — Bellman equations are presented and
the technique for defining Nash equilibrium in the game model with continuous updating
is described. The theory of differential games with continuous updating is demonstrated
in the game model of non-renewable resource extraction. The comparison of Nash equilib-
rium and corresponding trajectory in the initial game model and in the game model with
continuous updating is presented, conclusions are drawn.
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Рассматривается класс дифференциальных игр с непрерывным обновлением со случай-
ным информационным горизонтом. Предполагается, что непрерывно во времени игро-
кам поступает информация (об уравнениях движения и функциях выигрышей) лишь на
некоторый временной промежуток c длиной θ, по мере развития времени информация
об игре обновляется. Впервые этот тип игр был рассмотрен нами в 2019 г. Здесь допол-
нительно считаем, что θ — случайная величина. Предметом данной статьи являются
определение концепции решения, основанного на равновесии по Нэшу, и описание тех-
ники решения, базирующейся на уравнениях Гамильтона—Якоби—Беллмана.
Ключевые слова: дифференциальная игра с непрерывным обновлением, равновесие по
Нэшу, уравнения Гамильтона— Якоби—Беллмана, случайный информационный гори-
зонт.
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